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1 Introduction

The Titchmarsh divisor problem concerns the asymptotic behaviour of the sum
Zp<x 7(p + a), as a function of x, where p denotes a rational prime, t(n) := #{d >
1:d | n} denotes the divisor function, and a denotes a fixed integer. The study of this sum
has spanned over five decades and is intimately related to some of the most significant
research in analytic number theory (see [6,15,21,30,37], and [33]). By results about primes
in arithmetic progressions which have become standard, we now know that, as x — oo,

(2)¢(3) ¢

where ¢ (-) denotes the Riemann zeta function and ¢ denotes a rational prime.
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Divisor problems similar to that of Titchmarsh may be formulated in other settings,
such as the setting of elliptic curves, as we now describe. Let E£/Q be an elliptic curve
defined over the field of rational numbers. For a prime p of good reduction for E, let E/]Fp
be the reduction of E modulo p. From the basic theory of elliptic curves (see [36, Chap. I1I,
§6]), it is known that the group E(F,) may be expressed as a product of two cyclic groups,

E(F,) ~ Z/dp7 x Tdyp7,

where dy, = di,,(E), dyp = dop(E) are uniquely determined positive integers satisfying
dip | dap. Determining the asymptotic behaviour of sums over p < x of arithmetic
functions evaluated at the elementary divisors d1,, and dj , may be viewed as Titchmarsh
divisor problems for elliptic curves. Such problems unravel striking similarities, but also
intriguing contrasts, to the original Titchmarsh divisor problem, as illustrated in [1,2,7,
8,13,14,17,18,28,29,32], and [41].

The focus of our paper is on the constants emerging in the following three Titchmarsh
divisor problems for elliptic curves. In all the expressions below, the letters p and £ denote
primes, with p being a prime of good reduction for the given elliptic curve.

Conjecture 1 (Kowalski [29, Sect. 3.2])
Let E/Q be an elliptic curve. Then, as x — o0,

Zdl,p ~ Caynon-cm(E) li(x), if E is without complex multiplication, (2)
p=x
Z dip ~ Ca,cm(E) %, if E is with complex multiplication, (3)
p=x
where
¢ (m)
Caynon-cm(E) =Y : (4)
2 [QEm) Q)
$(m) o

, (5)

with ¢(m) := #{1 < k < m : (k, m) = 1} denoting the Euler function of m, Q(E[m]) denot-
X
ing the m-division field of E, and li(x):= oat dt denoting the standard logarithmic
2 1og
integral.

Conjecture 2 (Akbary-Ghioca [2, Sect. 1])
Let E/Q be an elliptic curve, with or without complex multiplication. Then, as x — oo,

> " t(drp) ~ Coay(E) li(x), (6)
p=x
where
1
Can®) = 2 el ”

m>1
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We note that in the above definitions of the constants Cy, , C;(4,), as well as in those of the
forthcoming constants Cy;,cm(O), Cr(a;),cM(O)s Bay,cm(O0), Bray),cm(0), the notation dy
and 7(d;) does not refer to specific integers and is purely symbolic; regardless of coinciding
values of dy, and 7(dy), the definitions of C;,, C;(4,), as well as their variations, are
distinct and independent. We also note that a natural question is whether a conjecture
similar to Conjecture 2 may be formulated regarding the behaviour of 7(d3,). Since we

have not found such an investigation in the literature, we relegate it to future research.

Conjecture 3 (Freiberg—Kurlberg [17, Sect. 1])
Let E/Q be an elliptic curve, with or without complex multiplication. Then, as x — oo,

oy~ 7Cd2 i(x7), 8
> d E) li (x*) ®)
p=x
where
(=1)2" p(rad m)
Ca(E) =)
= 2 ieEim ©

with w(m) = Ze\m 1 denoting the number of distinct prime factors of m and rad(m) :=
1_[[‘ £ denoting the product of distinct prime factors of m.
m

The constants Cy; non-cMm(E), Ca;,cMm(E); Cr(ay)(E), and Cy, (E) appearing in these con-
jectures are deeply related to the arithmetic of the elliptic curve E/Q and are heuristically
derived via the Chebotarev density theorem by considering the action of a Frobenius
element at p on E[m].

Conjecture 1 was investigated by Freiberg and Pollack [18] in the case that E has com-
plex multiplication; precisely, they proved that Z dyp <p x. A similar result is not
yet known if E does not have complex multlphcatlon, even under the Generalized Rie-
mann Hypothesis. Conjecture 2 was investigated by Akbary and Ghioca [2]; precisely, they
proved (6) under the Generalized Riemann Hypothesis if E is without complex multiplica-
tion and unconditionally if E is with complex multiplication. Conjecture 3 was investigated
by Freiberg and Kurlberg [17]; precisely, they proved (8) under the Generalized Riemann
Hypothesis if E is without complex multiplication, and unconditionally if E is with com-
plex multiplication. The proofs of the main results in [2] and [17] rely upon the methods
of [8] and have been refined in several subsequent works, including [1], [13,14,28], and
[41].

Using ideas originating in [16], Conjectures 1-3 may also be investigated on average
over elliptic curves in families. For any elliptic curve E/Q, there is a unique Weierstrass
equation E, : Y2 = X3 + aX + b with coefficients 4, b € Z satisfying that gcd(a®, b?) is
12-th power free and E, , ~g E. We will refer to a Weierstrass model E,, of this form as
the distinguished model of E. We define the discriminant and height of E by

A(E) := —16(4a® + 27b*) # 0, H(E) := max {|al*, |b]*}, (10)

where the integers a and b are those associated to the distinguished model E,; of E.

Finally, for parameters A, B > 2, we consider the family C(4, B) of Q-isomorphism classes



Page 4 of 24 R. Bell et al. Res. Number Theory (2020)6:1

of elliptic curves defined by distinguished models E,, with |a| < A, |b| < B. Our goal is
to average the Titchmarsh divisor sums of Conjectures 1-3 over E € C(4, B).

In this context, it is natural to consider the following universal versions of the constants
Caynon-cM(E), Cr(ay)(E), and Cy, (E),

Ca = T (1 e ) = 1.25844835..., (11)
dl.—gm_g te-pe-p)="

1 3

(12)
(=) g (rad (m)) e
Cy, = = 14+ ———+F—— ) =0.89922825. ..,
@ m; m| GLa(Z/mZ)| 1:[ Te-ne o
(13)
together with the constants
. ¢(m) -
C 0):=1 ————m Y,
a,cm(0) "Ln(}*a,,; 0/mo ™

1
C‘L’(dl),CM(O) = Z W:
m>1

Bg,,cMm(0) == | Aut(0)|L(1, x0)

. 1\~ ¢(m
PR [ <1_Z) Z KEm): K[’

Endg(E)=0 ‘e mim

Brapen(0) = 1Aw(O)] min 13 R ]

Endg(E)=0 ("1
defined for each imaginary quadratic order O of class number 1, with field of fractions K,
where for any elliptic curve E’/Q with CM by O, the integer m is as in Theorem 11 of
Sect. 2.3. The convergence of these four latter constants is explained in the course of the
proof of part (i) of Theorem 4.

The universal constants Cy,, Cy(4,), Cg, turn out to be the average constants for Con-
jectures 1-3, in the following sense. In [1, Cor 1.6], Akbary and Felix proved that for
any ¢ > 1 and ¥ > e, there exists ¢; > 0 such that, for any A = A(x), B = B(x) with
A, B> exp(cl(log x)1/2) and AB > x(log %)% we have

X
(E)) li —, 14
- 2 3 clgle) = Cr 0+0( 52 (1
pTAE)

2
DRI %cdzn(xzwro( ad C>, (15)

| pec (AB) p=x (log )
MA(E)

These results confirm Conjectures 2—3 on average. Conjecture 1 is also expected to hold
on average; that is, for suitably large A = A(x), B = B(x), we expect

33 diplE) = Ca liw) +o (10;)‘ (16)

EeC(A,B) p=x
E without CMM’A (E)

1
IC(A, B)|
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While this average is open, Akbary and Felix proved related results supporting it (see [1,
Remark 1.7]).

In this paper we investigate the constants Cg, non-cM(E), Cgy,cMm(E), Cray)(E), and
C4,(E), in relation to the universal constants Cy,, Cr(4y), Cay» Cay,cm(O)s Cr(ay),cm(0),
Bg,cm(0), By 4y),cm(O). Specifically, using properties of the division fields of E/Q, which
we derive from the celebrated open image theorems for elliptic curves with complex multi-
plication (due to Weil in the adelic setting and to Deuring in the classical setting), respec-
tively without complex multiplication (due to Serre), we prove the following theorem,
which gives upper and lower bounds for the conjectural constants under consideration.

Theorem 4 Let E/Q be an elliptic curve.
(i) Assume that Endg(E) ~ O % Z. Then, denoting by K the field of fractions of O, by
G the absolute Galois group of K, by 0:= l(gq O/mO, and by ¢ : Gx —> O the

m
absolute Galois representation associated to E (as described in Sect. 2.1 below),

1
0< 3 Ca,,cm(0) < Cyy,cm(E)

min {Bg, cm(0), [0 : £(Gk)] Cap,cm(0)} < 1,
1

0< 3 Cray),cm(0) < Crgy)(E)

min { B (a,),cm(0), [0 : 9£(Gk)] Criay),cm(0)} < L.

IA

IA

(if) Assume that End@(E) =~ 7. There exists positive absolute constants 8 and y such that

0 < Cay < Caypon-cm(E) < (max {1, logH(E)})y,
0 < Cr(ay) < Cr(ay)(E) < (loglog (max {6, H(E) max{1, log H(E)}Y }))ﬂ,

where H(E) is the height of the distinguished model of E, as in (10).

The < -constants are absolute.

Possible uniform upper bounds for Cy, non-cM(E) and Cr(4)(E) will be addressed in
Remark 21 of Sect.2.5. Note also that while the upper bounds for C;(4,)(E) of Theorem
4 also hold for Cy,(E), uniform lower and upper bounds for this constant were already
addressed by Freiberg and Kurlberg [17]. Specifically, they prove that, for any elliptic curve

E/Q,
0<Cy, (E) < 1
Additionally, they prove that

wu(m) - 1 w(m)
2 oz @ = 4P =3 (" X e al |

m>1 m=>1

with p(m) denoting the M6bius function of m. For these bounds, note that it is known that
the constant Zmzl m may be zero, which happens exactly in the case Q(E[2]) =
Q.

Next, by focusing on elliptic curves with maximal Galois action on their torsion points,

we prove explicit formulae for our Titchmarsh divisor constants:
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Theorem 5 Let E/Q be a Serre curve, that is, an elliptic curve over Q whose adelic Galois

representation has maximal image. Let

2[Ag(E)|  if Agt(E) = 1(mod 4)

, (17)
4 |Asf (E )| otherwise,

ME =

where Ay (E) denotes the squarefree part of the discriminant of any Weierstrass model of

E. Then
C (E)=Cq |1+ ]‘[ : (18)
dy,non—CM = La e (1 - 1 _ 6_3) + -3 ’

Cran(E) = C 142 ]_[ ! (19)

T = ) mE gL A= e a—eH et )

(_l)a)(mE) 1

Cys(E)=C 1 20
dz( ) dy + m% 1_[ (1—£0-2)(1—¢-5) — ¢4 (20)

Llmg

Finally, we use the above two results to prove that the average of the individual constants
gives rise to the universal constant:

Theorem 6 For any A(x), B(x) > 2, tending to infinity with x such that the ratios of their
logarithms remain bounded, we have

1

lim ————— Y CE=C (21)
x—>00 |C(A(x), B(x))] EcCAmBE)

Here, the pair (C(E), C) is, respectively, (Cy, (E), Cg,), (Cr(a,)(E), Cra,)) and (Cg, (E), Cg,),

with Cy, (E) denoting Cy, yon-cm(E) if E is without complex multiplication, and Cg,,cp(E)

if E is with complex multiplication.

Remark 7

(i) The constant y occurring in Theorem 4 is known as the Masser-Wiistholz con-
stant, originates in [31], and was studied computationally in [27]. The constant mg
occurring in Theorem 5 was first introduced in [24] in relation to Serre’s open image
theorem from [35]. In Sect. 2, we will revisit its original definition (see Theorem 10)
and we will confirm that it satisfies Eq. (17) above (see Proposition 17).

(i) Itisa difficult problem to calculate the constants Cy, non-cM(E), Ca;,cMm(E), Cr(ay)(E),
and Cg, (E) for an arbitrary elliptic curve E/Q. However, the explicit formulae of
Theorem 5 can be used to calculate these constants for Serre curves and to study
Conjectures 1-3 numerically, as done in [9]. Numerical computations of the con-
stants Cy;,cm(0); Cray),cm(0)s Bay,cm(0), Br(ay),cm(0), [0 : 9£(Gk)] occurring in
part (i) of Theorem 4 are also doable and will be pursued in a different project.

(iii) The universal constants Cy, and C(4,) provide strict lower bounds for the constants
Ciynon-cM(E) and Cr(g,)(E) for any elliptic curve E/Q. Furthermore, Theorem 5
shows that these lower bounds are sharp, since one may take a sequence of Serre
curves E; with mg, approaching infinity, and deduce that Cy, on-cMm(E;) approaches



R. Bell et al. Res. Number Theory (2020)6:1 Page 7 of 24

Cy, (respectively Cy(4,)(E;) approaches C;(4)). Regarding the constant of Conjecture
3, Theorem 5 implies that Cy, (E) is never equal to Cy4, when E is a Serre curve. In
summary, the constants Cy, non-cm(E) and C;(4,)(E) of Conjectures 1 and 2 are never
equal to the universal constants Cy,,and C; (4,), and the constant Cg, (E) is never equal
to the universal constant Cy, when E is a Serre curve. This is in contrast to other
questions about reductions of elliptic curves, such as Koblitz’s Conjecture about the
primality of |E(F ) |

(iv) InSect.5, wewill actually prove a stronger result than (21) of Theorem 6 by bounding,
from above,

1 n
|C(A, B)| EECX(A;,B) le®)-c|
for any integer #n > 1 and for any A, B > 2; see equations (48), (49), (50), and (51).
(v) Theorem 6 contributes to the research on averages of constants arising in the study
of reductions of elliptic curves over QQ, as pursued in [3-5,10], and [23]. It also
complements research on averages of constants arising in the study of al/l elliptic
curves over the field [, as pursued in [12,19,22,26], and [38]. The connection
between the former “global” viewpoint and the latter “local” viewpoint involves the
question of to what extent the reductions of a fixed elliptic curve E/Q behave like
random elliptic curves over IF,,. In our average approach we follow the methods of
[23] and realize the global-to-local connection via Theorem 5 and Jones’ result that
most elliptic curves over QQ are Serre curves [24]. A conceptual reason of why a result
such as the one of Theorem 6 should hold is given in Remark 23 at the end of Sect. 5.

Notation Throughout the paper, we follow the following standard notation.

« The letters p and ¢ denote rational primes. The letters d, k, m, n denote rational inte-
gers. The letters ¢, 7, @ denote the Euler function, the divisor function, and the prime
factor counting function. For an integer m, |m| denotes its absolute value, rad(m)
its radical, and v¢(m) its valuation at a prime £. For nonzero integers m, n, m | n*®°
denotes that every prime divisor of m divides 7.

+ For two functions f; g : D — R, with D C C and g positive, we write f (x) = O(g(x))
or f(x) < g(x) if there is a positive constant ¢; such that |f(x)| < c1g(x) forallx € D.
If ¢; depends on another specified constant ¢, we may write f(x) = Og,(g(x)) or

f&)

flx) L, gx). If ¢ := xll)rgo @ exists, we write f(x) ~ ¢ g(x).

« For a field K, we write K for a fixed algebraic closure and Gy for the absolute Galois
group Gal (K/K).

2 Generalities about elliptic curves

In this section, we review the main properties of elliptic curves needed in the proofs of
our main results. While many of these properties are standard (Theorems 8—11), the ones
towards the end of the section (Corollary 13—Theorem 19) are less known, but crucial to

our approach.

1
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2.1 General notation
For an elliptic curve E/Q, we use the following notation. We denote by j = j(E) the
J-invariant of E. We denote by Endg(E) and Autg(E) the endomorphism ring and the
automorphism group of E over Q. We denote by E(Q) and E(Q) the groups of Q-rational
and Q-rational points of E, and by E(Q)tors and Etors := E (Q)tors their respective torsion
subgroups.

For an integer m > 1, we denote by E[m] := E(Q)[m] the group of m-division points of
E(Q). This has the structure of a free Z/mZ-module of rank 2, with a Z/mZ-linear action
of the absolute Galois group Gg. Thus, fixing an isomorphism (Z/mZ)* — E[m], which

amounts to choosing a Z/mZ-basis for E[m], we obtain a Galois representation
VEm : G —> GL2(Z/m7Z).

Note that the m-division field Q(E[m]) of E, defined by adjoining to Q the x and y coor-
dinates of the points in E[m], satisfies

QE[m]) = T " and [QE[m]) : Q] = |Im(pem)].

Choosing compatible bases for all E[m], we form the inverse limit over m ordered by

divisibility and obtain a continuous adelic Galois representation
¢r : Gg — GLa(2), (22)

where 7 := lim Z/mZ.
S

2.2 Endomorphisms
Theorem 8 ([11, Thm 7.30 and p. 261]) Let E/Q be an elliptic curve. The following state-
ments hold.

(i) Either End@(E) =~ 7, in which case we say that E is without complex multiplication
(without CM), or End@(E) is an order O in an imaginary quadratic field K, in which
case we say that E is with complex multiplication (with CM) by K.

(ii) Furthermore, if End@(E) ~ O % Z, then O has class number 1 and j(E) €
{j1:=0, j2:=1728, j3, . . ., j13} is one of 13 possible j-invariants.

Note that two elliptic curves of the same j-invariant, while isomorphic over @, may fail to
be isomorphic over Q; we call such curves twists of each other. An explicit computation of
the Galois cohomology group classifying twists [36, Chap. 3, Cor. 10.2] gives the following:

Lemma 9 LetE/Q, E'/Q beelliptic curves with j(E) = j(E'). Then there exists an extension

L/Q with
6 ifj(E)=0,
[L:Q] = |Autg(E)l = {4  ifj(E) =1728,
2 else,

such that after base change to L, E; ~ (E')L.
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2.3 Open image theorems

Theorem 10 ([35]) Let E/Q be an elliptic curve such that End@(E) =~ 7. Then ¢ has open
image in GLo(Z), that is, | GL2(Z) : ¢e(Gg)| < oo. In particular, there exists a smallest
integer mg > 1 such that for any integer m = mymy with my | mg° and ged(ma, mg) = 1,

0Em(Gg) = pr,,! [(¢£a(Gq)) X GLo(Z/my D),

where d = gcd(my, mg), and pr,,, ; : GLo(Z/mZ) —> GLo(Z/dZ) is the natural pro-
jection.

If E/Q has complex multiplication by an order O in an imaginary quadratic field K,
then ¢ is constrained to respect the extra O-module structure. The projective limit
0:= I(El O/mO is a free Z-module of rank 2 and K (E¢ors) = Q(Etors) is a free O-module

m
of rank 1 with an O-linear action of Gg. Therefore ¢g|g, factors:

¢ElGk

GLy(Z)

Gk
o~ -

Theorem 11 ([39,40]) Let E/Q be an elliptic curve such that End@(E) ~ O % Z and let
K := 0 ®z Q be the associated CM field. Then the representation

9ElGy : Gk —> O (23)

0% : <pE(G1<)} < 00. In particular, there exists a smallest

has open image in O, that is,
integer mg > 1 such that for any integer m = mymy with my | my° and ged(my, mg) = 1,
0Em(GK) = pr,, ! (9£4(GK)) X (O/m20)%,
where d := gcd(my, mg), and pr,,, ;: (O/m10)* — (0O/dO)* is the natural projection.
For potential future applications, we record below a uniform bound for [OX : (pE(GK)]:

Proposition 12 Let O be an imaginary quadratic order associated to some elliptic curve
E/Q (ie End@(E) ~ O % Z)andlet K := O ®z Q be the associated CM field. Then, for
any other elliptic curve E' over Q which satisfies End@(E’ ) = O, we have

1

m [0* : 9£(GK)] < [0* : 9r(Gk)] < |Aut(0)| [0 : we(Gk)].

Proof. Lemma 9 implies that there is an isomorphism E — E’ defined over a number
field L satisfying [L : Q] < | Aut(O)|. Thus, Etors and E{ ., are isomorphic as Gz-modules,

tors
and the proposition follows. O

A useful consequence of these open image theorems is:

Corollary 13 Let E/Q be an elliptic curve and let mg be as in Theorem 10, respectively
Theorem 11. Let £ | mg and d | mg with £ 1 d (recall that £ denotes a rational prime).

(i) If End@(E) ~ 7, then

[@(E[eoa]) 0] = ¢ [0 (E[ed]) ;@] vsen.
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(i) If End@(E) * 7, then
[K (E [zw(mf>+5d]) ; 1<] — ¢ [K (E [M’”EM]) : 1<] VéeN,
where K >~ End@(E) Q.

Proof. This follows from Theorems 10 and 11, with m1:= £"¢("E)*3 4 since when vy (mg)
>0,

#Ker (GL2 (Z/e"l(mf)“dz) - GL, (Z/M(’"E)dz)) —
#Ker ((O/M’”E)”do)x — (O/Z"f(’”f)do)x) — ¢,
O

Inapplications, it is desirable to explicitly bound mf in terms of the size of the coefficients
of E.

Proposition 14 Let E/Q be an elliptic curve such that End@(E) ~ 7. Let mg be as in
Theorem 10 and let H(E) be the height of the distinguished model of E. Then there exists a

positive absolute constant y such that

| GLa(Z) : 9£(Go)| < (max {1, log H(E)})”,
mg < H(E) (max {1, log H(E)})”,

where the <-constants are absolute.

Proof. Denote by A(E) the discriminant of the distinguished model of E. The bound
mg < 2 |GL2(Z) : e(Go)| rad(|A(E)|) follows from the main result in [25], while the
bound | GLy(Z) : ¢e(Go)| <« max{l, log H(E)}" follows from [42, Theorem 1.1] (see also
[31]). The bound rad(|A(E)|) « H(E) is straightforward. O

2.4 Serre curves
Lemma 15 ([35, Sect.5.5]) Let E/Q be an elliptic curve. Then ‘GLZ (Z) : ¢E(GQ)‘ >2

In particular, no elliptic curve E /Q satisfies |GL2(Z/ mZ) : @, m(GQ)| = 1 for all integers
m > 1. Rather, the best we can hope for is captured in the following definition:

Definition 16 An elliptic curve E/Q is called a Serre curve if ‘GLz(Z) : wE(G@)‘ =2, 0r,
equivalently, if

|GLo(Z/mZ) : gm(Gg)| <2 Vm > L (24)
Given E/Q and denoting by A(E) the squarefree part of the discriminant A(E) of a

(equivalently any) Weierstrass model for E, in particular of the distinguished model, the

bound in Lemma 15 arises from the containments

Q(VA®) cQER),  Q(VAE) S Q () S QElldel). (25)



R. Bell et al. Res. Number Theory (2020)6:1 Page110f24 1

where

. [ Ax®) if Ag(E) = 1(mod ),
d = disc (Q( A(E)» N {4Asf(E) otherwise.

The existence of an integer dr satisfying (25) is guaranteed by the Kronecker-Weber
Theorem, since Q (,/ A(E)) is abelian over Q; this value of dp minimizes |dg| subject to
(25).) It follows that

¢£(G) < {g € GLy(Z) : €(g) = x£(2)), (26)
where the two maps

€ :GLy(Z) — GLy(Z/2Z) ~ S5 — {£1},
xE :GLo(Z) — 2% — (Z/|dg|Z)* — {1}

are defined as follows: € is the projection modulo 2 followed by the signature character on
the permutation group S3 (which is also the unique non-trivial multiplicative character
on GLy(Z/27)); xk is the determinant map, followed by the reduction modulo |dg|, and
then followed by the Kronecker symbol (d—E)

Proposition 17 Let E/Q be a Serre curve. Then:

(i) End@(E) ~ 7
(ii) E(Q)tors is trivial;

(iii) The integer mg introduced in Theorem 10 satisfies

_ | 2[as®)] if Ag(E) = L(mod 4), @7)
I |Asf(E)| otherwise,
where Ag¢(E) denotes the squarefree part of A(E);
(iv) For any integer m > 1,
iGL@mn) ifmetm,
[Q(EDm) - Q1 = { %| GLy(Z/mZ)|  otherwise. (28)

Proof. (i) We proceed by contradiction. Suppose that End@(E) ~ 0O % ZandletK =
Frac O. For an element a € O\Z, there exists a rational prime ¢ such that the
characteristic polynomial of the action of a on E[£] has two distinct roots modulo
£. The action of Gi preserves the two eigenspaces of a mod ¢, which implies that,

written relative to an eigenbasis, we have

oE0(Gx) < [(Z 2)] < GLy(Z/¢2).

We thus have |GL2(Z/ZZ) : (pg,g(G@)| > {(£ + 1) > 2, contradicting (24).
(ii) A nontrivial £-torsion point would similarly give |GL2(Z/€Z) : gaE,g(GQ)‘ > (£ 4+
1)(¢ — 1) > 2, contradicting (24).
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(iii) Since the subgroup of GL,(Z) where xE and € agree is already of index 2, and since
E is a Serre curve, we must have equality in (26). The subgroup defined therein is
determined by its image at level

2|Ag(E)|  if Age(E) = 1(mod 4),
4|Ag(E)| otherwise,

mg = lem(2, |dg]) =

verifying (17) and (27).
(iv) Let d | mg and denote by Plygd ° GLy(Z/mgZ) —> GLy(Z/dZ) the canonical

projection. Since !GLz(Z/WIEZ) : (PE,mE(GQ)| = 2, it follows from the minimality of
mg that

index 2 subgroup of GLy(Z/dZ) if d = mg,

Go) = - (Go)) =
#Ea(GQ) = Py (VEme (o)) GLy(Z/mZ) ifd < mp.

By Theorem 10, this proves (28).

2.5 Two-parameter families of elliptic curves
Lemma 18 Let A,B > 2 and consider the family C(A, B) of Q-isomorphism classes of
elliptic curves E = E,, defined by Y2=X3+aX+bwithabe Zandl|a| <A, I|b| <B.

Then
! 1<ty
IC(4, B)| EeCaB) A
ECM
More precisely,
2
#{E € C(A,B) : J(E) =0} ~ —B,
{ J } G
2
#{E € C(A,B) : J(E) = 1728} ~ —A,
{ J } @

and, for each of the j-invariants of Theorem 8 (ii) with j # 0, 1728,
#(E € C(4, B) : J(E) = j} <. min {A%+5,B%+8}
forany ¢ > 0. The <-constant is absolute, while the < .-constant depends on ¢.

Proof. We recall that associated to an elliptic curve E, ;,/Q, and in particular to a Weier-

strass equation Y2 = X3 + aX + b, we have the j-invariant j(a, b) := 172874 a3%f237h2’

which encodes the Q-isomorphism class of E,, : two elliptic curves E, ,/Q, E ;y /Q are Q-
isomorphicifand only if j(a, b) = j(a/, b'); furthermore, E, ;,/Q, E, 1,y /Q are Q-isomorphic
if and only if

Ju € Q* such that a = u*a’ and b = u®V. (29)

In view of the above and of Theorem 8(ii), it suffices to estimate the cardinality of

Ci(A, B) := {(a, b)eZ xZ:|a|l <A, |bl <B,
A(a, b) # 0, gcd (a?’, bz) is 12th power free, j(a, b) = /}
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for each of the 13 occurring j-invariants. We will consider the cases j = 0, j = 1728, and
j # 0,1728 separately.
Note that j(a, b) = 0 is equivalent to a = 0. Thus

2
|Co(A, B)| = #{b € Z\{0} : b is 6th power free, |b| < B} ~ %B (30)
(see [20, p.355 ] for a standard approach towards such asymptotics).
Similarly, note that j(a, b)) = 1728 is equivalent to b = 0. Thus

2
|C1728(A, B)| =# {a € Z\{0} : a is 4th power free, |a| < A} ~ @A, (31)

Now let us fix j # 0, 1728. We set c(j) == - (%28 — 1) € Q*\{o},

Sj(A) == {a € Z\{0} : |a| < A, c(j)a® = B* for some B € Z\{0}}
and

1
Tj(B) := {b € Z\{0} : |b| < B, sz = o> for some « € Z\{O}},
¢
and we denote Nj(A) := |S;(A)| and M;(B) = |T;(B)|. Noting that 17284”;1% =jifand
only if a3c(j) = b?, we obtain

|Ci(4, B)| < min {N;(A), M;(B)}. (32)

Now we bound N;(A). Let a be an element of Sj(A), and write a = a;a, where a is the
largest positive factor of a which is relatively prime to c(j). Since c(j)af’it3 is the square of
an integer, 4 must also be the square of an integer, and since || < A, there are at most
VA possibilities for 4. Let k be the number of primes for which the valuation of c(j) is
nonzero. Again, since |a| < A, the number of choices for 4; is on the order of (logA)k.
Thus,

Ni(A) < (log A)F VA <, AT,

Similarly, M;(B) <, B%“. Thus, by (32), |Cj(4, B)! < min {A%”, B%H} foranye > 0.
Combining this with (30) and (31) completes the proof of the lemma. O

Theorem 19 ([24, Thm. 4])

Let A, B > 2 and consider the family C(A, B) of Q-isomorphism classes of elliptic curves
E = E,, defined by Y2 =X34+aX+bwitha b € 7 and |a| < A, |b| < B. Then there
exists a positive absolute constant y' such that

1 (log min{A4, B})V/
... .L s
|C(A, B)| Eccan) min{A, B}

E is not a Serre curve

where the <-constant is absolute.
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3 Constants for non-Serre curves: proof of Theorem 4

In this section we prove Theorem 4, establishing bounds for the constants appearing in
Conjectures 1-3. The key ingredients in the proof are Theorems 10 and 11, Corollary 13,
Proposition 14, and the following lemma about arithmetic functions:

Lemma 20 Letf g : N\{0} —> C* be arithmetic functions satisfying:

(i) g is multiplicative;
(ii) Z |g(m)| converges.

m>1

Assume that 3 M € N\{0} and 3 « € C with Rex > 0 such that:

(iii) V my | M®° and Ymy with gcd(ma, M) = 1, we have f (m1m3) = f(m1)g(ma);
(iv) Yd | M®V €| Mwith€1d,andV § € N, we have f (€M g) = ¢=3f (g gq),

Then

-1
S =[] (1= ) [ Zvonn | [ X teon
m|M

m=>1 M m=>1

Proof. By (iii) we have the almost-product formula

DoUemi={ Y el || []e]

m>1 m|M>® UM

where, for each rational prime ¢, g; := Zr>0 g =1+ Zr>1 |g(€")|. Since

[Tee<[]ee=2_1gtml

Um 14 m=>1

it remains to bound ZW‘MOC |f (m)].

Let M = ZTI ... 05" be the prime factorization of M. For each subset I C {1,...,n},
possibly empty, define

M[ = l_[ Z?‘i_l,

ie{L,...n\I

and for each m | M°, whose unique prime factorization we write as m = K‘f o zﬁ" with
B1>0,...8, > 0,define

Ly={1<i<n:fi>ow}
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Partitioning the integers m | M according to the subsets I, € {1,...,n} and using

property (iv) of f, we obtain

ZV’”)'— Z > 1fom) = Z 3D Hl—mﬁaid)

m|M>® ceal) m|M™ IS{L,n} dIM; (8)icr iel
In=I 8iENVi
- ¥ (Sh[eal |12 | o
IC(1,..,n} \d|M; iel BleN
1
T1(1- ) v
7 m|M
This completes the proof. O

Proof of part (i) of Theorem 4 Now assume that E is with CM by an order O in an imagi-

nary quadratic field K.
For lower bounds, we have
. o(m) . ¢(m) -
0<C 0)=1 —————m 7 <21 ———m °
= CancmlOr= 8. 2 o/mop ™" =218 2 i) - @™
= 2Ca,,em(E),
1 1
0<C 0) = — <2 ——— =2C E). 33
anen® = 2 ir0m =2 L g @ - w6

Regarding upper bounds, we first observe that

C (E) < hm o i
hemlE) < Z |¢’Em GK
— lim o Z ¢(m)[(O/mO)* fﬂE,m(GK)]m,a
o—0F [(O/mO)*|

(O/mO)* : prm(GK)]
I(0/mO)*|

IA

[6X : 9£(Gk)] Cay,cm(0), Criay)(E) < Z

m>1

< [0 : ¢£(GK)] Criay,cm(O).

In each of these upper bounds, the final inequality is likely not sharp. In what follows, we
will prove another upper bound by using Lemma 20 to compute directly.
First we verify that, for the arbitrary elliptic curve E/Q with CM by the order O in the

imaginary quadratic field K, we have

1
2 @ < o0

Note that this verification is also implicit in the proving convergence of the sums defining
the constants C;(4,),cm(0) and By (4,),cm(O) and was alluded to in Sect. 1.
By Theorem 11, for any integer m > 1, written uniquely as m = m1my with my | m$

and (m19, mg) = 1, we have

[K(E[m]) : K] = [K(E[m1]) : K] - ®o(m3), (35)
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where ®¢ denotes the Euler function on O, that is, ®o(n) := |(O/nO)X ! for any positive
integer 7. Defining

1 1

K@D KT 4 @0l

flm) = Solm)

we wish to apply Lemma 20 with M = mg and « = 2. Condition (i) follows from the

Chinese Remainder Theorem; if (1, m’) = 1, then we have
Do(mm') = |(0/mm’'0)*| = |(0/mO)* x (O/m'0)*| = ®o(m)Po(m).
Furthermore, since ®o(¢") = (20~ (¢) for all » > 1 and
¢+1)(¢—1) iftisinertinO,
dp(l) = (£ —1)2 if £ splits in O,
e —1) if £ ramifies in O,
we have ®o(¢") > ¢(€7)2 forall r > 1. Therefore ®o(m) > ¢(m)? for all m > 1. Condition
(ii) hence follows from the convergence of the series Z ———. Conditions (iii) and

mz1 (m)?
(iv) follow from (35) and Corollary 13(ii). By Lemma 20, we obtain

1 1 1
- - 2 - - -
mg KEpD) K = ¢ )(%n:g [K(E[m]) ;1<]) (Z q>o(m))

m>1

1 1
<¢(2) (MZ}?;E RED K :1<]) (y;l ¢(m)2) < . (36)

which establishes (34).
Our goal is now to establish the bound

1 . 1 _
2 w1 < Aa®l [Z [K(E[m])K]] = Bruncn(©)
= End@(E’):O

(37)

Recall that, since E is assumed to have CM by O, we have Aut@(E) ~ Aut(O), hence the
given expression on the right hand side above is indeed equal to B (4,),cm(O).

Fix any elliptic curve E’ over Q satisfying Endg(E’) 2~ O and note that, by Lemma 9,
there exists a number field L such that [L : Q] < | Aut@(E)l < 6and E’' ~; E. Moreover,
we claim that, for any integer m > 1,

1

W[K(E [m]) : K] < [LK(E'[m]) : LK] < [K(E[m]) : K]. (38)

Indeed, we have

(K(E'[m)) : K] = [K(E'[m]) : LK N K(E'[m])] - [LK N K(E'[m]) : K]
= [LK(E'[m]) : LK] - [LK N K(E'[m]) : K]

< [LK(E'[m]) : LK] - [L : Q]

< [LK(E'[m]) : LK] - | Autgy(E)|
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and
[LK(E'[m]) : LK] = [LK(E[m]) : LK] = [K(E[m]) : LK N K(E[m])] < [K(E[m]) : K].

This establishes (38), and, since E’ was arbitrary such that End@(E/ ) >~ O, (37) follows.
We deduce from (37) that

1 1
Ceanl®) = 2 Tl = & IKGE K = ranen©)

m>1

Next we prove that

<7—>OJr
m>1

Ca,em(E) = lim ( > o ;E}(/:]q o] _") =< Ba,,cm(0),

proceeding much as above, as follows. Note that the convergence of the above two con-
stants follows from (36).
Fix o > 0, let E’ be any elliptic curve over Q with End@(E’) ~ O, and define
L em em)
Jm = @m0 v
We wish to apply Lemma 20 with M = mp and k = 1 + 0. Condition (i) follows from

the observation that a product of multiplicative functions is multiplicative. Condition (ii)

follows from the calculation

D lgtmi=3" & ¢ m=’

m>1 m>1
e))_l< 1 >_1
1-—
(140

:U(l_

=L(1, x0);(1 +0) < o0,

where xo is the character defined by

o p2r _l _XO(Z)
oot = (1) (1 220)

and L(1, x0) = [ ], (1 - Xoe(”

and Corollary 13(ii). By Lemma 20, we obtain

(m) - ¢ (m) Y
Z[K(E’[ = H( 4”0) (Z, KEm) K] )

m|mg

¢ (m) o
(Zame) -~

. Conditions (iii) and (iv) follow, as before, from (35)

Observing that

Z ‘/’ ™" = L(L xo) lim o¢(1+0)=L(L o),

¢7HOJr

we deduce that

. ¢(m> ! b (m)
alir'&f — [K(E[m]) : = H ( ) (ml%_ (K (E'[m]) ;1(]) L xo)
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(39)

Using (38) again and recalling that E’ was arbitrary such that End@(E’ ) =~ O, we deduce
that

¢ (m) Y .
o0t mm < |Aut(O)|L(1, xo0) 2}18 l—[

mz1 Endg(E)=0 ‘1"

1! ¢(m)
(S et )
0 (mlmy [K(E'[m]) : K]
where the right-hand expression is exactly the constant B, cam(O). Thebound Cyy cm(E) <

Bg,,cm(0) now follows by noting that [K(E[m]) : K] < [Q(E[m]) : Q]. This completes
part (i) of Theorem 4. O

Proof of part (ii) of Theorem 4. We are now assuming that E is without CM, in which case
the first two lower bounds follow directly from the definition. Indeed,

0<Cy = Z o) = Z [Q( oD = Caynon-cM(E),

2 1GLAZ/mD)] ~ 2= [QElm) : Q)
1 1
0= Crar = 2 [Gr,@mm) = 2 ) a1 ~ CE)
Next, we observe that we have the upper bounds
B ¢ (m)
Can o E) = 2 TE TR O
_y ¢(m)[GLo(Z/mZ) : Gal(QE[m])/Q)]
= | GLo(Z/mZ)|
< [GL2(2) : 9£(G)]Cay
B 1 _ « [GLy(Z/mZ) : Gal(Q(E[m])/Q)]
Cean'®) = 2. (G Qe ~ 2= | GLo(Z/m)
< [GL2A(Z) : 9£(GQ)ICray). (40)

In the case of the constant Cy, non-cm(E), the above upper bound together with Proposi-
tion 14 proves part (ii) of Theorem 4. For the remaining constants, we will establish the

(stronger, in this case) bound
Cray)(E) < (loglog m)? (41)

for some positive constant B, where mig is the positive integer appearing in Theorem 10.
This bound, together with the upper bound for mg from Proposition 14, will finish the
proof of part (ii) of Theorem 4.

Defining f(m) = [Q(E[IW and g(m) = Wl/mz)‘, we apply Lemma 20 with
M = mg and k = 4. Note that condition (i) follows immediately from the Chinese

Remainder Theorem, condition (ii) follows immediately from

1 1
2 |GLo(Z/mZ)| ~ 2 m2(m)?

m>1 m=>1
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and conditions (iii) and (iv) follow from Theorem 10 and Corollary 13(i). We obtain

1 1 1
C 1) = AT A =
@ mzzl[@(ﬂmlﬁ@l =@\ X oz @ ) | 2 len@ma

m|mg m=>1

€ 2 Q@ “)

To analyze the last sum, recall that for any integer m > 1, denoting by ¢, a primitive m-th
root of unity, we have Q(¢,,) € Q(E[m]); in particular, we have ¢(m) | [Q(E[m]) : Q].

Then
1 1 1 1 ¢
1+—Y =~ | = 1+ ——
2 Em @ = 2 e = L | LT }l,—n[( )
1 20— 1

=IT(+ ) TT(+ =)
lmEg L\mEg

< 1_[<1+1><exp Zl , (43)
@\mg e a [|mg E

where, in the last line, we used the elementary inequality 1 4+ ¢ < expt. To understand
the last sum, we proceed in a standard way. We let ¢; denote the i-th prime and we recall
that it satisfies the bound ¢; < i(log i 4 loglog i) (see [34, Theorem 3, p. 69]). Then

1 1
d7= D 4 =logloglumy +O)
Llmg i<o(mg)

< loglog w(mE) + logloglog w(mg) + O(1)
« loglog log mg, (44)

1
where, in the second line, we used Mertens’ Theorem Ze< 7= loglog n 4+ O(1), and,
<n
in the last line, we used the bound w(n) < log n. The desired bound (41) is obtained by
combining (42), (43) and (44). This finishes the proof of Theorem 4. O

Remark 21 Denoting by C(E) any of the constants Cy, non-cMm(E), Cg;,cm(E), or Cr4,)(E),
and by C the corresponding universal constant, we observe that the upper bounds

C(E) < [0* : 9£(Gk)] - G if E is with CM by the order O, (45)

C(E) < [GLZ(Z) : gDE(GQ)] .G, if E is without CM, (46)
established in Theorem 4, are of a fundamentally different nature one from the other
in terms of what further unconditional upper bounds they may lead to. When E is with
CM by the order O in K, since there are only finitely many j-invariants associated to CM
elliptic curves over Q and since the index [6X :0e(G K)] remains bounded in twist families
(see Proposition 12 above), (45) leads to uniform upper bounds for the constants C(E). In
contrast, when E is without CM, the uniform boundedness of the index [GLZ(Z) O (G@)]
is equivalent to an affirmative answer to an open question of Serre, known as Serre’s

uniformity question; see [35, Sect.4.3]. Assuming an affirmative answer to this question,
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it is shown in [43, Theorem 1.3] that, except possibly for elliptic curves with j-invariants
belonging to an ineffective finite set, we have [GLZ(Z) : (pE(GQ)] < 1536. Thus, assuming
an affirmative answer to Serre’s uniformity question, (46) leads to the ineffective uniform
upper bounds

Cr(dl)(E) <1, Cd1 (E) < 1. (47)

Further improving (47) to conditional effective uniform upper bounds is an interesting
future topic to explore that would involve techniques different from the ones of our
present paper, in particular techniques used to determine rational points on higher genus
modular curves.

4 Constants for Serre curves: proof of Theorem 5

In this section we prove closed formulae relating the constants of Conjectures 1-3 to the
universal constants (11)—(13), as stated in Theorem 5. The key ingredients in the proof
are Theorem 10 and the following lemma:

Lemma 22 ([29, Lemma 3.12]). Let f, g : N\{0} —> C* be arithmetic functions satisfying
the following:

(i) g is multiplicative;
(ii) Zmzl |g(m)| converges.
Assume that A M € N\{0}, A a € (0, 00) and 3 k € N\{0, 1} such that:
(iii) Vm € N\{0}, we have
ag(m) ifM|m,

flm) = g(m) else;

(iv) YV m | M, we have g(mM) = m™"*g(M).
Then

D fmy= 1+ @-1gn[[g - | []eo
£

m>1 LM

where, for any rational prime £, g; = Z g(en.

r>0

Proof of Theorem 5. The proposition follows from part (iv) of Proposition 17, Lemma 22
with M = mg andf, g, o, « as described below, and from summing geometric series. Note

that, by definition, 1_[5 g is the universal constant Cy,, Cr(4,), respectively Cy, . O
Fm) om) .« @
¢ (m) ¢(m) _ _ 1
Catynon—cm (E) QEa] TGL. &/ a=2 «=3 1+ Fa—C =)
Ce(an(E) QA L] a=2 k=4 1+ gorna e
DM giradim) (DO Mpadom) _ 1
Ca, (E) QEMDQ] mGLEmn 2 =2 ¥=5 1- iy
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5 Averaging the constants over a family: proof of Theorem 6

In this section we prove Theorem 6 using the results of Sects.2—4 and following the
approach initiated in [23]. For this, let A, B > 2 and n € N\{0} be fixed and consider the
moment

1

CAB] > lcw-cr,

E€C(A,B)
where the pair (C(E), C) is, respectively, (Cy, (E), Cg,), (Cr(ay)(E), Cr(a,))sand (Cg, (E), Cy,),
and where Cy, (E) is Cg, non-cm(E) if E is without complex multiplication, and Cg, cm(E)
if E is with complex multiplication. Our strategy is to partition C(A4, B) into the subset
of elliptic curves with complex multiplication (CM curves), the subset of elliptic curves
without complex multiplication and which are not Serre curves (non-CM & non-Serre
curves), and the subset of Serre curves; we then estimate each emerging subsum via dif-

ferent techniques.

To handle the contribution from elliptic curves with complex multiplication, using part

(i) of Theorem 4 and Lemma 18, we obtain

1 1 11
— CE) = C" <y 1< =+, 48
IC(A,B)IEZ ICB) = CI" <o G g Yol ot (48)
€C(A,B) EeC(A,B)
ECM ECM

To handle the contribution from elliptic curves without complex multiplication, which

are not Serre curves, using part (ii) of Theorem 4, as well as Theorem 19, we obtain

! > ICE) -Cl”

IC(4, B)| EecaB)
E non-CM,
non-Serre
< (log log {max{A3, B?}. log(max{A3, B2}y })ﬂn - (log min{A, B})V/ (49)
" +min{A4, B}
for (C(E), C) equal to (Cy(4y)(E), Cr(a,)) or (Cg,(E), Cgy), and
1
Iy IC(E) - CI"
IC(4, B)| EE;(A; B)
E non-CM,
non-Serre
1 A3, B2} . (log min{4, B})?’
<, og(max{ bH (log min{ b (50)

min{A, B}

for (C(E), C) equal to (Cg;,non-cm(E), Cay)-
To handle the contribution from Serre curves, using Theorem 5 and part (iii) of Propo-

sition 17, we obtain

1 c” 1
e Y B - e Y
C@A,B) . 4 s IC(A, B)| EeCaB) | Ase(E)]

E Serre E Serre

Next, following the approach of [23, Sect.4.2], we choose a parameter z = z(A, B) and
partition the Serre curves E in C(4, B) according to whether |A4(E)| < z or not. For the

first subsum we use [23, Lemma 22, p. 705], while for the second subsum we use trivial
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estimates:
c” 1 c” 1
IC(4, B)| Z | Ast(E) 3" * IC(A, B)]| Z |Agt(E) 3"
! E€C(A,B) s ’ EeC(AB) ' °
E Serre|Ag(E)|<z E Serre
[Asf(E)|>2z

1
<n 7z (#{(ab) € Z* : |a| < A |b| < B 44°

1
+27b* # 0, |(4a® + 27b%)f| < z} + W)
z

1 z(logA)’(log B) 1
<zt B Z3AB’

Upon choosing

1 T
Z= (A(logA)7(logB)) ’
we deduce that

1 (logA)¥*1 (log B)3i1

1
—— > |C(E)-CI" <u — + ) (51)
ICAB) oo A A% B
E Serre

Now let A = A(x) and B = B(x) be functions tending to infinity with x and such that

lim sup log A(x) <00, limsu log B(x) < (52)
x—oo log B(x) x—oo logA(x)
Then
log max{A(x)3, B(x)?}
log min{A(x)3, B(x)2} <1
which implies that there exists a ¢ > 0 for which
1 1

min{A®)%, Bw)?] — max{A®), B@)}
From this it follows that
lim (log log {max{A(x)S, B(x)?} - log(max{A(x)s, B(x)2})Y })ﬂn —0
w00 min{A(x), B(x)}/(log min{A(x), B(x)})"’

and, similarly

log(max{A(x)3, B(x)?})""

I
Py /min{A(x), B(x)}/(log min{A(x), B(x)})"’

Recalling (48), (49), (50), and (51), it then follows that
: Y c®-cr=o

lim ——«+—
#=00 [C(AW), BADI Lo 4= i)

finishing the proof of Theorem 6.

Remark 23 One may view the results of Theorems 5 and 6 in the following light. The
universal elliptic curve
108; 43j

E:y?=a°— x —
j—1728" j—1728

over the rational function field Q(j), where j is a formal variable, satisfies j(£) = j; thus,
for any elliptic curve Eg/Q, the specialization &, of £ at jo := j(Eo) yields an elliptic curve
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over Q that is Q-isomorphic to Ey. Furthermore, the Galois representation associated to
the generic fiber is onto GL; (Z), ie.

ve (Gal (Q()/Q())) = GLa (Z).
(This follows, for instance, by considering specializations that give Serre curves E/Q
with distinct values of Ay (E).) Using our previous general notation for the constants
considered, since each universal constant C is the individual constant C(£) associated to
&, the fact that all elliptic curves E/Q (up to Q-isomorphism) arise as specializations of
the elliptic curve £/Q(j), whose generic fiber has surjective Galois image, may explain,
conceptually, why elliptic curves E/Q have constants C(E) that average out to C.
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