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Abstract Let E be an elliptic curve defined over QQ, of conductor N, and with
complex multiplication. We prove unconditional and conditional asymptotic formulae
for the number of ordinary primes p { N, p < x, for which the group of points of the
reduction of E modulo p has square-free order. These results are related to the problem
of finding an asymptotic formula for the number of primes p for which the group of
points of E modulo p is cyclic, first studied by Serre (1977). They are also related to
the stronger problem about primitive points on £ modulo p, formulated by Lang and
Trotter (Bull Am Math Soc 83:289-292, 1977), and the one about the primality of the
order of E modulo p, formulated by Koblitz [Pacific J. Math. 131(1):157-165, 1988].
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1 Introduction

Let E be an elliptic curve defined over Q and of conductor N. For a prime p of good
reduction for E (that is, p 1 N), let E p be the reduction of E modulo p. This is
an elliptic curve defined over the finite field F,, with p elements, whose [F,-rational
points E,(IF,) form a finite abelian group isomorphic to Z/d,Z x Z/d e, Z for some
uniquely determined integers d),, ), depending on p and E. Moreover, the order of
this group can be written as #E,(lF,) = p + 1 — a,, for some integer a, satisfying
Hasse’s inequality |a,| < 2,/p.If p > Sand a;, = 0, we say that p is a supersingular
prime for E; if p > 5 and a,, # 0, we say that p is an ordinary prime for E.

Over the past three decades there has been an increasing interest in studying the
properties of the group E,(F),) as p varies over rational primes { N. Our purpose in
this paper is to determine an asymptotic formula for the function

heg(x,Q) = #{p <x:p{N,a, #0,#E,(F)) is square—free} @))

in the case of an elliptic curve with complex multiplication (CM).

Before stating the main result, let us recall what CM means. If Q denotes an algebraic
closure of QQ, and End@(E ) denotes the ring of endomorphisms of E over Q, then we
have a natural embedding Z < End@(E ). If this embedding is an isomorphism, we
say that E is without complex multiplication (or non-CM). If it is a strict embedding,
then End(E) is an order O in an imaginary quadratic field K of class number 1. In
this case we say that E has complex multiplication by O, and that K is its CM field.

The main results of the paper are as follows.

Theorem 1.1 Let E be an elliptic curve defined over Q and of conductor N. Assume
that E has complex multiplication by the full ring of integers Ok of an imaginary
quadratic field K. Let x € R be such that logx > 3N?2. Then there exists a constant
0, depending on E, such that

) X
hp(x, Q) = dplix + Oy (aogx)(logloglogx))’ ®

or, more precisely,

log1
hE(x,Q)=5E11x+o( ~ .= fﬁf) 3)
(log x)(loglog =) log =5
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Square-free orders for CM elliptic curves modulo p 589

Here, lix = f;o 1(;% is the logarithmic integral, the constant implied in the
Oy -notation depends on N, and the constant implied in the O-notation is absolute.

The density 6 will be given explicitly in formula (40) of Sect. 6.

In our investigations towards the asymptotic formula for 4 g (x, Q) we will be inter-
ested not only in the main term of the formula, but also in the error terms, as already
apparent in our statement of Theorem 1.1. A natural problem is then to look for the
best error term which we can obtain. Under the assumption of a generalized Riemann
hypothesis (GRH), we will obtain an error term significantly smaller than the one
in (3):

Theorem 1.2 Let E be an elliptic curve defined over Q and of conductor N. Assume
that E has complex multiplication by the full ring of integers Ok of an imaginary
quadratic field K. Assume the validity of GRH for the Dedekind zeta functions of the
division fields of E. Then there exists a constant §g, depending on E, such that

he(x,Q) =68glix +0 (x5/6(logx)2(log Nx)1/3). o

The implied O-constant is absolute.

Certainly, it is of interest to also know when the density 8¢ is positive. We can
show:

Theorem 1.3 Let E be an elliptic curve defined over Q and of conductor N. Assume
that E has complex multiplication by the full ring of integers Ok of an imaginary
quadratic field K. Let §g be the density of the ordinary primes p for which #E ,(IF )
is square-free.

1. If K = Q(/=7), then 8 = 0.
2. If K is one of Q(v/—11), Q(+/—19), Q(+/—43), Q(+v/—67), or Q(/—163), then
SE > 0.

Let us remark that a thorough study of densities such as §g uses methods of a dif-
ferent nature than the ones developed in this paper and shall be relegated to future
investigations.

Having explicit error terms in the asymptotic formula for ~ g (x, Q) enables us to
find estimates (in terms of N) for the smallest (ordinary) prime p = pg for which
#E,(IF)) is square-free:

Theorem 1.4 Let E be an elliptic curve defined over Q and of conductor N. Assume
that E has complex multiplication by the full ring of integers Ok of an imaginary
quadratic field K. Let pg be the smallest ordinary prime p for which #E,(F ) is
square-free. If Sp > 0, then:

1. Unconditionally, we have

pe = 0 (exp (eY)):
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590 A. C. Cojocaru

2. Under GRH for the Dedekind zeta functions of the division fields of E, we have

pE = O: ((log N)**)

forany 0 < e < 1.
The implied O-constant is absolute, and the implied Og-constant depends only on €.

In studying the function A g (x, Q) we have been motivated by long-standing con-
jectures about the structure of £, (IF,), as explained in the following paragraphs.

In 1977 [12], S. Lang and H. Trotter formulated an elliptic curve analogue of
Artin’s primitive root conjecture, which asserts that if E is an elliptic curve defined
over Q, of conductor N, and of arithmetic rank > 1, and if a is a rational point
on E of infinite order, then the density of the primes p t N for which a(mod p)
generates £, (IF,) exists. This conjecture was investigated by R. Gupta and R. Murty
[9], who obtained an asymptotic formula for the number of ordinary primes p for
which (a(mod p)) = E,(IF,) in the case of a CM elliptic curve E and under the
assumption of GRH.

We remark that in Lang and Trotter’s conjectural statement, two requirements
on E,(F,) are being made: it must be a cyclic group and it must be generated by
a(mod p). Therefore, a natural subproblem to consider is to show that, given an ellip-
tic curve E over Q, the density of the primes p for which E, (F,) is cyclic exists. This
latter problem has been studied extensively by several people (J-P Serre, R Murty,
R Gupta, the author etc; see [4] and the references therein). Moreover, we remark that
if the order of E, (IF,) is prime, then the two requirements of the Lang-Trotter conjec-
ture are satisfied for any point a. This observation was first made by N. Koblitz in 1988
[10], who also formulated a conjectural asymptotic formula for the number of primes
p for which #E,(IFF),) is prime. For investigations on this conjecture, see [1,5,13,24].

The study of the square-freeness of #E, (IF ;) might be viewed as an intermediate
problem between the study of the cyclicity of E,(IF,) and that of the primality of
#E,(IF). Since the very different properties of elliptic curves with and without CM
lead to different analyzes in this type of problems, in the present paper we focus our
attention only on the case of elliptic curves with CM. The more general situation of
CM elliptic curves over number fields other than (Q and/or with CM by an order in an
imaginary quadratic field follows the same main steps as the current work, however
involves additional technical features that will be addressed in a separate paper. The
case of elliptic curves without CM is based on different ideas and is also relegated to
a separate paper.

Notation Throughout the paper, in addition to the notation introduced above, the
following standard notation will be used. p denotes a prime of good reduction for
E; g, ¢ denote rational primes; k denotes a positive integer; x, y denote positive real
numbers (approaching co). For a complex number z € C, 7 denotes its complex
conjugate. For a positive integer n, ¢ (n) denotes the Euler function of n (i.e. the
number of positive integers < n and coprime to n), and v(n) denotes the number
of distinct prime divisors of n. GLy(Z/nZ) denotes the group of 2 by 2 invertible
matrices with entries in Z/nZ, whose trace and determinant we call tr and det. For
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Square-free orders for CM elliptic curves modulo p 591

an algebraic number field K, Ok denotes its ring of algebraic integers, Nk ,q(-) its
norm map over Q, dk its absolute discriminant over Q, and @ (-) its generalized Euler
function. We recall that if q is a nonzero prime ideal of Ox and n > 1, then

®(q") = Ngsp@") (1 - ———);
(€] k04 )( NK/Q(CI))

this definition is extended to all the nonzero ideals of Ok by multiplicativity. We
denote by q and p nonzero prime ideals of O, and by IF, and Ey the residue field
and the reduction of E at p, respectively. We denote by gcd and lcm the greatest
common divisor and the least common multiple of two integers or two integral ideals
of a number field. For two functions f, g : D € C — R, with g taking positive
values, we write f(x) = O(g(x)), f(x) <« g(x), or g(x) > f(x) if there exists a
positive constant M such that | f (x)| < Mg(x) forany x € D.Incase f takes positive
values and f(x) <€ g(x) <€ f(x), we write f(x) < g(x). If D is infinite and g is
nonzero on D, we write f(x) ~ g(x) if limy_ oo L% = 1, and f(x) = o(g(x)) if

)
limy 00 {; ((;C; = 0. We make the following convention about the implicit <, >, <

and O-constants: whenever we write <., >>¢, <. or O, for some c, we indicate that
the implicit constant M depends on c¢; whenever we write <, >, < or O, we indicate
that the implicit constant M is absolute.

2 Overview of the proofs

In Sect. 1 we remarked that the main problem of this paper might be viewed as a
variant of the elliptic curve analogue of Artin’s primitive root conjecture. In 1965
[7], C. Hooley obtained a conditional (that is, under a certain GRH) proof of Artin’s
primitive root conjecture by first observing that an integer a is a primitive root modulo
aprime p if and only if p does not split completely in certain finite Galois extensions of
the cyclotomic fields QQ(g,) for any prime ¢ # p; then he used the simple asymptotic
sieve to sift out these primes p. Here, ¢, denotes a primitive gth root of unity. The
arguments in Hooley’s proof involve the use of conditional effective versions of the
Chebotarev Density Theorem and, more significantly, sieve estimates, among which
the classical Brun—Titchmarsh Theorem. In 1977 [14, 18], Serre used an elliptic curve
adaptation of Hooley’s analysis to prove, under a certain GRH, an asymptotic formula
for the number of primes p for which the reduction E, of a fixed elliptic curve E
gives a cyclic group. More precisely, he observed that £, (IF,) is cyclic if and only if
p does not split completely in the division fields Q(E[¢]) (to be introduced below) for
any prime g # p; then he used the simple asymptotic sieve to sift out these primes p.
Serre’s arguments involved again the use of the conditional effective versions of the
Chebotarev Density Theorem and the Brun—Titchmarsh Theorem.

Itis natural to suspect that the problem considered in this paper could be approached
similarly, namely it could be translated into “Chebotarev conditions” and then treated
via the simple asymptotic sieve. Indeed, as a starting point we proceed along these
lines, as follows.

@ Springer



592 A. C. Cojocaru

We fix E an elliptic curve defined over @, of conductor N, with complex
multiplication by the full ring of integers Ok of an imaginary quadratic field K.
With the notation introduced in Sect. 1, we note that

he(r, @ =D u@o# {p < x:ptN.ap £ 0.#E,F,) = 0mod )}, (5)
k

where the sum Zk is over positive integers k such that k2|(p + 1 — a p) for some

p < x, hence, from Hasse’s inequality, such that k < 2./x.

Now we need to recall a few classical facts about elliptic curves. For precise ref-
erences, see [22]. For a positive integer k, let E[k] denote the group of k-division
points of E (i.e. the complex points of E of order dividing k). Let Ly := K (E[k])
be the k-division field of E over K (i.e. the field obtained by adjoining to K the x
and y coordinates of the k—division points of E). We know that Ly is a finite, Galois
extension of K, whose ramified primes are divisors of kN, and which contains the
cyclotomic field Q(¢x) (here, ¢ denotes a primitive kth root of unity). We denote by
n(k) = [Ly : K] the degree of Li/K, by d(k) the absolute discriminant of Ly /Q,
and by Gy = Gal(Ly/K) the Galois group of L;/K. We recall that we can define a
natural Galois representation

¢r : G —> GLo(Z/kZ)
associated to E/K, which has the important properties that it is injective and

tr g (o) = ap(mod k), (6)
det ¢ (op) = Nk g (p)(mod k) (7

for any integer k and prime p such that p { kN, where oy, denotes the Artin symbol of
pin Ly/K and ap := Ng,o(p) + 1 — #Ep(Fp). We set

Dy :={g € ¢pr(Gg) :detg+1—trg =0(modk)}. (8)
Now let p 1 kN be an ordinary prime for £ /Q. This means that p splits completely

in K, say as pOkg = p - p. Then Ng,q@(p) = p and ap = a,, and so, using (6) and
(7), we see that the condition #E, (F,) = 0(mod k%) is equivalent to

det ¢p2(0p) + 1 — tr ¢p2(op) = 0(mod kz), O]

where oy, is the Artin symbol of p in L2 /K. Using notation (8), we obtain that

1
4 {p <x:plkN.ay #0,#E,(F,) = O(modkz)} ~ 3#{p = Ok : Nejg®)
<x,ptkN, ¢(op) C D} (10)

thus our problem has been translated into general Chebotarev conditions.
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Square-free orders for CM elliptic curves modulo p 593

As usual, let us note that by using the strongest effective Chebotarev Density
Theorem (to be discussed in the following section) to estimate the cardinality of

the right hand side of (10), we obtain error terms of the form O (x% log x) for each
k < 2./x.However, from (5) and (10) we see that the expected main term for i g (x, Q)
isdglix ~ SEﬁ, with

(11)

g =

1 5 w(k)#Dy2

2 S KER KT

Thus we will be able to use the Chebotarev Density Theorem only in a suitably small
range of k. This suggests that we write, instead,

he(x, Q) =N(x,y>+M(x,y,2ﬁ)+0(%) (12)
(logx)

for any B > 0, where

1
N(x,y)i=3 > wk#{p<Ok : Ngjg(p)<x,p TN, ¢2(0p) S Dj2}, (13)

k<2x
qlk=q=<y

M(x, y,2/x)

o > #[pgx:pmN,ap¢0,#Ep(]F,,)EO(modq2)} . (14)
y<q=<2/x

and where y = y(x) is a positive real number, depending on x, to be chosen optimally. !
The third term comes from an effective version of (10).

Another way of splitting the summation describing 4 g (x, Q) (inspired by the meth-
ods developed in [6]) is

he(r, @ = N(x, y) + M, 3,205 +0 (' log x) (1s)
where

1
NGy =2 > wo#{p < Ok - Nkjg®) < x,p 1N, dpa(op) € D2} (16)
k<y

1 We recall that, throughout the paper, ¢ denotes a rational prime.
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594 A. C. Cojocaru

and

M(x, y,24/x)

=o| X #{pfx:pJ(kN,ap#O,#EP(IFP)EO(mOde)} . an
y<k<2x

Again, y = y(x) is some parameter depending on x, to be chosen optimally. The third
term comes from an effective version of (10), under GRH.

The sums N (x, y) and NV (x, y), respectively, will give the main term in our final
formula for i g (x, Q) and will be estimated using effective versions of the Chebotarev
Density Theorem. The terms M (x, y, 24/x) and M(x, y, 2./x), respectively, will
provide the error terms in our final formula and will be estimated using various sieve
methods.

We emphasize that the difficulties lie in estimating M (x, y, 24/x) and M(x, y,
2./x). For example, the classical Brun-Titchmarsh Theorem is not powerful enough
for our problem and thus new ideas are needed now.

We also remark that Hooley and Serre used splittings of type (12) in their treatments
of the Artin primitive root conjecture and of the cyclicity of £, (IF,). In our treatment
of hg(x, Q) we will use (12) to obtain an unconditional asymptotic formula, and (15)
to obtain a conditional (upon GRH) asymptotic formula, with improved error terms.”

In our analysis of h g (x, Q) we will be careful to keep track of the dependence of
all the occurring error terms on the conductor N of E. This feature will enable us
to find upper bounds in terms of N for the smallest prime p for which #E,(F)) is
square-free, by comparing the main term with the final error terms.

3 Preliminaries
3.1 The Chebotarev Density Theorem

Let L/K be a finite Galois extension of number fields, of Galois group G. Let ny be
the degree and d the absolute discriminant of L/Q; let ng be the degree and dk the
absolute discriminant of K /Q. We denote by ¢; the Dedekind zeta function of L. Let
C be a conjugacy setin G, that s, C is a finite union of conjugacy classes of G. The set
of conjugacy classes contained in C is denoted by C, and the set of conjugacy classes
contained in G is denoted by G. We denote by P(L/K) the set of rational primes p
which lie below primes of K which ramify in L /K. Then we set

M(L/K) = #G)d "™ ] »
peP(L/K)

2 A natural splitting like (15) does not seem to work in the classical case of Artin’s primitive root conjecture.
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Square-free orders for CM elliptic curves modulo p 595

We define
me(x, L/K) :=#{p < Ok : Ng,g(p) < x, p unramified in L/K, o € C},

where oy is the Artin symbol of p in the extension L/K.
The Chebotarev Density Theorem asserts that, as x — o0,

#C
7TC(X, L/K) ~ %hx.

Effective versions of this theorem were first derived by J Lagarias and A Odlyzko (see
[11]). It is their versions, as refined by J-P Serre (see [19]), that we shall be using in
our proofs. We state them below.

Theorem 3.1 Assuming GRH for the Dedekind zeta function of L, we have that
#C . 1/2
me(r, L/K) = o2 lix +0 ((#C)x ng logM(L/K)x).

The implied O-constant is absolute.

If, in addition to GRH, we assume Artin’s Holomorphy Conjecture (denoted AHC),
then the error term above has a better dependence on C. Indeed, we have the following
result of [15, Cor. 3.7, p. 265]:

Theorem 3.2 Assuming GRH for the Dedekind zeta function of L, together with AHC
for the Artin L-functions of L/ K, we have that

#C
me(x L/K) = 2o lix +0 ((#C)1/2x1/2n1< log M(L/K)x).

The implied O-constant is absolute.
Finally, we have the following unconditional version:

Theorem 3.3 There exist positive constants A and c, with A effective and ¢ absolute,
such that, if

I
oY > ¢ max {logdL, di/"L},

nr

then

#C . ~ log x
nc(x,L/K):Ehx—f—O (#C)xexp —A 0L ,

where, we recall, C denotes the set of conjugacy classes contained in C. The implied
O-constant is absolute.
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The following resultis often very helpful in estimating the error terms in the effective
Chebotarev Density Theorem. Its proof is given in [19, p. 130] and is based on a result
of Hensel.

Lemma 3.4 Let L/K be afinite Galois extension of number fields. Using the notation
introduced above, we have that

1
logd; < #Glogdy +ny (1 — E) > logp+nplog#G.
pEP(L/K)

3.2 The Brun-Titchmarsh Theorem
In our analysis of hg(x, Q) we will need information about primes in arithmetic

progressions, such as the upper bounds provided by the Brun-Titchmarsh Theorem
and its generalizations. We recall them below.

Theorem 3.5 (The Brun-Titchmarsh Theorem) Let k > 1 and a be fixed coprime
integers. For any real number x with x > k we have

X
w(x,k,a) L ———,
¢ (k) log

where
w(x,k,a) :=#{p <x:p=a(modk)}.

By using the sieve of Eratosthenes, we obtain the following weak analogue of
Theorem 3.5 for imaginary quadratic fields (for a proof, see [3, pp. 2655-2657]).

Lemma 3.6 Letx > 0 and let D, k be fixed positive integers with k < \/x — 1. Then

S,l ::#[pfx:p:(ozk—i—l)z—i—Dﬂzszorsomea,,BGZ}
_ o (£+1) J/x loglog x ;
k k\/ﬁlog@
2 o 2 B >
S i=# pfx:p:(zk—i—l) —|—D7k for some a, B € Z

_ o (J_§+1) J/x loglog x -
k k«/ﬁlog‘/)?_1

k

Remark 3.7 With notation as in Lemma 3.6, we see that for any k, x, and for each
1<i<?2,

Sp < VE (2ﬁ + 1).

kvD \ k
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. L .. . los1 . .
The sieve argument is invoked for obtaining a saving of % in these estimates.

A general number field analogue of Theorem 3.5 was obtained by Schaal [17] as

an application of the large sieve for number fields, which generalizes a large sieve
inequality of Bombieri and Davenport and improves a prior number field version due
to Huxley.
Theorem 3.8 Let K be a number field of degree ng and absolute discriminant d,
having r real embeddings into C and 2ry complex conjugate embeddings into C. Let
ag be the residue of the Dedekind zeta function of K at s = 1. Let I be an integral
ideal of K andlet B € Ok be such that gcd{f, 1} = 1. Wetake My, ..., M,, € [0, 00)
and Py, ..., Py, € (0,00) with P, = Piyp, forl =ri +1,...,r1 +r. Forw € Ok
we denote by o'V its Ith conjugate. We consider the set

S:={we Ok :w=B@mod]I), (w) aprime ideal, and w satisfies (C)},
where conditions (C) are as follows:
M <o <M +P,V1<I<nr,
’a)(l)‘ <P,Vri+1<l<ng.

IfP:=P ... Py 22and Nk () < (10g13)++2/”1<’ withr :=ry +ry — 1, then

b < 73r2+1 P 1410 (1 P )—l/nk
< . K og ————C s
ak~/dg @(I)logm Nk o)

where the O g -constant above depends on K and is independent of 1.

3.3 Division fields of CM elliptic curves

Our proofs of Theorems 1.1 and 1.2 will also rely heavily on the properties of the
division fields of CM elliptic curves. We recall them below.

3.3.1 Generalities
Proposition 3.9 Let E be an elliptic curve defined over a field K and of conductor N.

We keep the notation introduced in Sects. 1 and 2. Then for any positive integer k, we
have the following:

1. Ly/K is a finite Galois extension for which Gal(Ly/K) < GLo(Z/kZ). Conse-

quently,
4 1 1 4
nt)y <k TI(1-=)(1-=) =K"
q

qlk 1
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598 A. C. Cojocaru

2. the ramified primes of Ly /Q are divisors of kN
3. the cyclotomic field Q(&y) is contained in Ly; therefore

¢ (k)|n(k)
and a rational prime p which splits completely in Ly satisfies p = 1(mod k).

For a proof, we refer the reader to [22, pp. 90, 98, 179].

Proposition 3.9 provides us with upper and lower bounds for the degree n (k) of
the extension Ly /K. In the case of a CM elliptic curve we have the following more
precise estimates:

Proposition 3.10 Let E be a CM elliptic curve defined over Q, with complex multi-
plication by the full ring of integers Ok of an imaginary quadratic field K .

1. For any positive integer k > 3, we have
nk) < ®kOk). (18)

In particular, from (18) we deduce that
¢ (k)? < n(k) < k. (19)

2. Let I be a nonzero ideal of Ok such that gcd{I, 6N} = 1, and let E[I] denote
the group of I-division points of E/K. Then, by adjoining to K the x and y
coordinates of the points of E[I], we obtain a finite Galois extension of K which is
unramified outside 6N I, totally ramified at the primes dividing I, and has Galois
group equal to the unit group (Ok /1)*. For an arbitrary nonzero ideal I, we have
that Gal(K (E[I])/K) embeds into (Og /1), hence is abelian.

This proposition is a consequence of the theory of complex multiplication; the reader
may consult [23, Sect. 5 of Chap. II], [8] or [16, Sect. 5] for a proof.

3.3.2 Estimates for the sizes of the conjugacy sets D).

In order to find an asymptotic formula for g (x, Q), we will need estimates for the
sizes of the conjugacy sets D;> defined in Sect. 2. To obtain such estimates, it is useful
to have an explicit realization of the Galois groups G2 = Gal(K (E [k2])/K) as matrix
groups.

Lemma 3.11 Let E be a CM elliptic curve defined over Q, with complex multiplication
by the full ring of integers Ok of an imaginary quadratic field K = Q(v/— D), where
D is positive and square-free. Let g be an odd rational prime and n a positive integer.

1. If q splits completely in K /Q, then

Gal (K (E [¢"]) /K) < [(“ + bﬁ s bO«/—_D) € GL, (Z/q"Z)]. (20)
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2. Ifq isinertin K /Q, then

Gal (K (E [¢"]) /K) < [(Z _ZD) € GL, (Z/q"Z)] 1)

in the case —D = 2, 3(mod 4), and
n a —b2FH n
Gal (K (E[¢"]) /K) < [(b ) ) € GL: (Z/q z)] 22)
in the case —D = 1(mod 4).
Proof First we recall that, since E has complex multiplication by O, we have an

isomorphism

C
— E(C
ox ©

2> (9 (2), ')

and a commutative diagram

c _$ . C
OK OK
| !
E(C) —— E(C)

(see [21, p. 105, Proposition 4.11] and [23, p. 97]), where, for any « € Ok and z € C,

¢ (2) = az,

and g is the Weierstrass function defined by

1
@) =5+ Z ((Z_a,)z wz)'
w;éO
Moreover, all the endomorphisms of E (C) are of the form [«] defined above, for some

(OS] OK .
Let us briefly observe that

9 () =@ and p'(2) = ')
and that g (z) is an even function, while its derivative £’(z) is an odd function.

In what follows, we assume that —D = 2, 3(mod 4), thus O = Z[+~/—D]. The
proofs in the case —D = 1(mod 4) are similar.
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1. If g splits completely in K, then, on one hand, the Legendre symbol (‘q—D) of

—D modulo ¢ is 1; on the other hand, gOk = q1q2 for some distinct nonzero prime
ideals q1, q2 of O with Nk ,(q1) = Nk,0(q2) = g, which we write as

a1 = B0k, q2= B0k
for some 0 % f € Ok. We also observe that
Elq"] = E[ai]® E [a3],
where
Elq] : ={PeE@:18"1P =0},
E[q}] = {P c E@):(B"1P = 0}.

But E [q”] ~ 7/9"7 ® Z/]q"Z, hence E [q'l'] and E [qg] must be cyclic Z/q" Z-

modules. We choose
. 1 ]
P= |\ ) (2] B

as a Z/q" Z-basis for E [q’f] and

() ()

as a Z/q" Z-basis for E [q3 ]; thus { Py, P} is a Z/q" Z-basis for E [¢"].
With respect to this basis, the automorphisms of E [q”] can be embedded into

[(a + ba/ﬁ - b()\/ﬁ) e GL, (Z/q”Z)]’

where we are using that (_q—D) = 1. Part 1 of the lemma follows.

2. Now let us assume that g is inert in K = Q(/=D), that is, (g) is a prime ideal
of Ok and (_q—D) =—1.

We choose
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as a 7./q" Z-basis for E [¢"]. With respect to this basis, the automorphisms of E [¢" ]

can be embedded into
a —bD
e GL, (Z/q”Z) .
b a

Indeed, for « = a + by/—D € Ok we have
o o
= (o (2). (%)) =arsom
a~/—D A av—D
[]P, = e o = —bDP; +aPkPs.
qn qn

Part 2 of the lemma follows. O

Lemma 3.12 Let E be a CM elliptic curve defined over Q, with complex multiplication
by the full ring of integers Ok of an imaginary quadratic field K = Q(«/— D), where
D is positive and square-free. Let g be an odd rational prime, unramified in K. Let

D = {g € Gal(K (E[q2])/K) : detg + 1 —trg =0 (modq2)},

where we view Gal(K (E[g*1)/K) as a subgroup of GL»(Z/q*7) via the representa-
tion ¢q2, as described in Sect. 2. Then #qu < qz.

Proof  First let us assume that g splits completely in K/Q. Thenif g € D2, we have

(a+qa’ 0 )
8= ,
0 a+gqa

forsome 1 <a <qg—1,0 <a’ <q — 1, chosen such that
detg+1—trg=0 (modqz). (23)

This implies that a — 1 = 0(mod ¢), a contradiction.
Now let us assume that g is inert in K = Q(+/—D), hence we have (_q—D) = —1.
Ifge qu and —D = 2, 3(mod 4), then

a+qa —(b+qb)D
&= b+ qb a+qa

forsome 0 <a,b<qg—1,0<a’,b <q — 1, chosen such that

detg+1—-trg=0 (modqz). (24)
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Condition (24) implies that
(a — 1?4 b>D = 0(mod ¢), (25)

and so, if b # 0(mod ¢), — D is a square modulo ¢, a contradiction. If » = O(mod g),
then condition (25) implies that a = 1(mod g), thus

1+gqga —qb'D
&= CI/ 1+ qa/
forsome0 < a’, b’ < g—1.Since condition (24) is satisfied forany 0 < a’, b’ < g—1,
we deduce that there are ¢> such matrices g.

We proceed similarly if —D = 1(mod 4) and obtain at most ¢> matrices g € D,.
This completes the proof of the lemma. O

We obtain the following immediate consequence:

Corollary 3.13 Under the hypotheses of Lemma 3.12 and for any odd positive square-
free integer k composed of primes which are unramified in K, we have #D;> < k2.

3.4 Characterization of the square-freeness of #E, (IF )

In this section we describe an important characterization of the primes p for which
#E ,(IF ) is square-free in the case that the elliptic curve E is with CM. We start with
two standard results:

Lemma 3.14 Let E be a CM elliptic curve defined over Q and with complex mul-
tiplication by the full ring of integers Ok of an imaginary quadratic field K. Let p
be a prime of good ordinary reduction for E, and let pOg = (1,,) (7 ) be its prime
factorization in K. Then Q(rrp) = K.

Lemma 3.15 Let E be a CM elliptic curve defined over Q and with complex mul-
tiplication by the full ring of integers Ok of an imaginary quadratic field K. Let p
be a prime of good ordinary reduction for E, and let pOg = (70,) (T ) be its prime
factorization in K. Let I be a nonzero ideal of Ok such that t,, { I. Then m, splits
completely in K(E[I])/K if and only if r), = 1(mod I).

For proofs of these lemmas, the reader is referred to Sect. 2.2 of [3].
As an immediate consequence of Lemma 3.15 and Theorem 3.8, we have:

Lemma 3.16 Let E be a CM elliptic curve defined over Q and with complex multi-
plication by the full ring of integers Ok of an imaginary quadratic field K. Let x > 2

and let I be a nonzero ideal of Ok with Ng (1) < 10’g‘x. Then

#p <x:ap #0,m, splits completely in K(E[I])/K}

X 1
L ———7 |1+

X
P wgem \flog wgm
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The main result of this section is:

Lemma 3.17 Let E be a CM elliptic curve defined over Q, of conductor N and with
complex multiplication by the full ring of integers Ok of an imaginary quadratic field
K. Let p, q be primes such that p t ¢N with p > 5. We assume that p has ordinary
reduction for E, and we let pOg = (7,) (T ) be its prime factorization in K.

1. If g isinertin K, then q2|#Ep(IFp) if and only if p splits completely in K (E[q]).

2. If q ramifies in K, then q2|#Ep (F)) if and only if p splits completely in K (E[q]).

3. If g splits in K, say as qOk = qq for distinct complex conjugate prime ideals q, q
of Ok, then q2|#Ep (F)) if and only if 7, splits completely in one of K(E|[q]),

K (E[*]), or K (E [3]).

Proof Throughout the proof, we will be using the two lemmas recalled above. Let us
consider each of the three situations for g.

1. If g is inert in K, we write (¢) = ¢q for some prime ideal q of K with
Nk 0@ = ¢>.
“4<" We assume that p splits completely in K (E[qg]). This means that () splits
completely in K (E[g]), hence g |(7r,—1)inQ(7r,) = K. By taking the norm Ng ;g (-),
we obtain that ¢2|p + 1 — a, = #E,(F)).
“=" We assume that q2|#E,, (IF), which is equivalent to q2|(71p - D@@,—-1)inK.
Thus

(7 = D@, — 1) = ¢*(@)

for some o € Ok (where we are also using that K has class number 1). It is easy to
see now that q|(r, — 1), hence that 7, splits completely in K (E[q]). This also implies
that 77, splits completely in K (E[q]) = K(E[q]). Thus, recalling that p splits in K
as (p) = () (), we obtain that p splits completely in K (E[q]) = K(E[q]).

2. If ¢ ramifies in K, we write () = q° for some prime ideal q of Ok with
Nk o) =q.

“«<=" We assume that p splits completely in K (E[gq]). As before, this means that
7, = 1(mod q), hence that g>[#E ,(F ).

“=" We assume that qzl#E,,(IF,,), hence that

(7, — DF@, — 1) =q* (@)

for some o € Ok. This tells us that q2|(71p — 1), hence that 7, splits completely in
K (E [4?]). Consequently, 77, splits completely in K (E [§°]) = K (E [4?]). and so
p must split completely in K ( [ ]) K(E[q)).

3. If g splits completely in K, we write (¢) = qq for distinct complex conjugate prime
ideals q, g of Ok with Nk ,q(q) = Nk, (@) = q.

“<” As in parts 1 and 2, if 7, splits completely in one of K (E[q]), K (E [4%]),
or K (E[q%]), then 7, = 1(modgq), or 7, = 1(modq?), or 7, = 1 (modq*),
respectively. By taking Nk ,q(-), we obtain that q2 [#E,[F)).
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“=" Finally, we assume that q2 |#E,(F ), which implies that
(= D@y — 1) = *T(@)

for some o € Ok. Then we must have qq|(w, — 1), or q2|(np — 1), or ﬁz|(7'rp —1),
which tells us that 7, splits completely in K (E [qq]) = K (E[q]). or K (E [q*]), or
K (E [ﬁz]), respectively. This completes the proof of the lemma. O

As an immediate consequence of Lemma 3.17, we have:

Corollary 3.18 Let E be a CM elliptic curve defined over Q, of conductor N and with
complex multiplication by the full ring of integers Ok of an imaginary quadratic field
K. Let p > 5 be a prime of ordinary good reduction for E. Write pOg = (7,) (T )
as before. Then #E,(F ) is square-free if and only if 7, does not split completely in
any of: K(E[q]) for any prime ideal q of K lying over a rational prime which is inert
inK; K (E [q2]) for any prime ideal q of K lying over a rational prime which ramifies
in K; K (E[qq]), K (E[q*]) and K (E [ﬁz]) for any prime ideal q of K lying over
a rational prime which splits completely in K.

4 Proof of Theorem 1.1

To prove Theorem 1.1, we follow the strategy discussed in Sect. 2. More precisely, we
use (12) and analyze each of the terms N (x, y) and M (x, v, Zﬁ)

4.1 Estimate for N (x, y)

Following (13), we write

1 ’
N(x,y) = EZ p# {p < Ok : Ngjqp) < x,p1kN, ¢y2(0p) C Dy2},
k

where the dash on the summation indicates that we sum over positive integers k < 2,/x
whose prime divisors are < y. We will use the unconditional effective Chebotarev
Density Theorem 3.3 to estimate this sum.

By Lemma 3.4 and part 2 of Proposition 3.9 we obtain that

n (k2) (logd (kz))2 <n (k2)3 (1og (n (kz) kN))2

and
n (1) a ()" <n (1) a2,
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thus

max [ () 1oz () (12) a (2)"* | <o

In order to apply Theorem 3.3 we need k'*N? < log x, and since k < exp(2y), this
condition is ensured if we choose

1
y = %(loglogx —2log N). (26)

We obtain

Z://L(k)#Dkz +O(Z (Dkz)XCXP(_A ’io(ik:))) (27)

k

for some positive effective constant A, where D;> denotes the set of conjugacy classes
contained in D;2. We note that, by using Proposition 3.10,

# (/l—)\];z/) <#Djp <n (kz) <k

. , 1/28 ..
for any k > 3. Also, since there are at most 27 < % positive square-free

integers k with prime divisors < y, and since k < exp(2y), the error term in the above
estimates becomes

log x by
(Z Ky exp( ) )) =0 (exp(9y)w)

X
=0 (N9/28<logx>3) (28)

for any positive constants B” and B.

4.2 Estimate for M (x, v, Zﬁ)

To estimate M (x, y, 2/x), we make use of Lemma 3.17.
More precisely, we write

M (x,y,2vx) = M; (x, y,2Vx) + My (x, 5, 2J/%) + My (x, y,2v/x),  (29)

3 We emphasize that our unconditional treatment of M (x, y, 24/x) is possible thanks to Lemmas 3.14
and 3.17, which are results specific to elliptic curves with CM. An unconditional treatment for the same
quantity in the case of an elliptic curve E/Q without CM would require a Bombieri—Vinogradov type result
for D, (x, Q(E [qz]) /Q), where ¢ lies in a suitably large range depending on x, and such a result is not

yet known.
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where

M (x, 7, 207) = > #{p <x:a, 7&0,42|#EI,(IF[,)},

y<q=<2Jx
q inert in K

My (6.9.2V5%) = > #{psxia, £0.4°HE,®Fy),

y<q=<2x
¢ ramified in K

My (x,y,2y/x) == Z # {p <x:a, #0, q2|#EP(IFp)}.
y<q=2yx
g splitin K

We estimate each of these three sums separately.

Estimate for M; (x, y,2,/x). By part 1 of Lemma 3.17 we have

M; (x, v, 2\/)3 = Z #{p < x : p splits completely in K (E[q])}.
y<q<2yx
q inert in K

The condition that p splits completely in K (E[q]) is equivalent to 7, = 1(mod ¢) in
Ok, where pOg = () (T ), as before. This implies that

Mi(x3y92\/a§ Z S’

y<q=2Jx
q inertin K

where S, = S,} if =D = 2,3(mod4) and S, = Sg if —D = 1(mod 4), and where
S ; .S q2 have been defined in Lemma 3.6. We split the above sum into two parts, accord-
ing to whether y < ¢ < logx orlogx < g < 24/x, and use the “Eratosthenes esti-
mate” given by Lemma 3.6 for the first range, and the elementary estimate given by
Remark 3.7 for the latter range. We obtain

x loglog x Z 1
il =i 2ed —
ﬁ y<g<logx 612 IOg\/;T
+ﬁlog log x 1
VD N
q

M; (x,y,2Vx) <

y<g<logx 4 IOg
X 1 X
LN
logx<q<2./x
x loglog x /x(loglog x)(log log log x)
y(log x)(log y) log x

+ /xlogloglog x.

logx<q<2./x 1

X
+ (log x)(loglog x)
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With our choice of y given in (26), this becomes

X loglog x
M; (x,y,Z«/_) :O( log x log x ) (30)

(log x)(loglog =) log =

Note that D belongs to a finite number of integers, thus the O-constant above is
absolute.

Estimate for M, (x, y, 2,/x). We countordinary primes p < x withg*|(p+1—a,)
for some prime y < ¢ < 2./x which ramifies in Q(7,) = K = Q(+/—D), hence
which divides the discriminant of K. Since y =< loglogx, we obtain that, for x >
expexp D,

M, (x,y,24/x) =0. (31)

Estimate for M, (x, v, Zﬁ) To estimate M (x, v, Zﬁ) we have, by part 3 of
Lemma 3.17, that

MS (-xsy12\/;) S Z Sq
y<q=<2Jx
+ z # {p <x:p splitsin K and 7, splits in K(E[q2])}
y<q=<2Jx
(¢)=q9.974q

where by “splits” we mean that it splits completely. The first sum is estimated in the
same way as M; (x, Yy, Zﬁ) We obtain

Z S —0 X loglog x
q= ] : I
y<q<2x (log x) (log log (1)52/‘) log fl’vgzx

For the second sum we observe that the condition that 7, splits completely in
K (E [4%]) implies that

(T, — 1) =q*(@)

for some a € Ok . We also observe that

#

(o) : Ngjola) =

e,

Nkjg(mp = 1) _ <ﬁ+ 1)2
Nk (?) —\ 4

(7))

0 ((ﬁ n 1) ﬁ). (32)

q q
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Now, similarly to our estimates for M; (x, y, 2./x), we write

Z # {17 < x : psplitsin K and 7, splits in K (E [qz])}

V<q=2/x
(g)=qd,97%q
<Y ¥ o+ ¥ ¥
y<q=<logx_ p=x log x<q<2/x p=x
(9)=q4,97#q 7p=1(mod ¢?) (9)=q4,9#q 7p=1(mod o)

and we use the “Schaal estimate” given by Theorem 3.8 (or Lemma 3.16) for the first
sum, and the elementary estimate given by (32) for the second sum. We obtain:

> > ik D] 1+ -

y<g<logx pP=x y<q <10gx
(@)=q0.97q 7,=1(mod g*)
X

L ——;
y(log x)(log y)

> > i D] ((ﬁ+1)2+ﬁ+1)

logx<q<2/x p=x logx<q<2./x 1 1
(@)=qd,q7q 7p=1(mod ¢°)

X

- loglog x.
< (log x)(loglog x) +V/xloglogx

These estimates and our choice of y given in (26) lead to

X loglogx
Y I

(logx)(loglog =)  log =

4.3 Putting things together

Using (12), (27)—(31), and (33), we obtain that

/,u(k)#Dz. X
hee@ = 3 3 0 (i)

o X log log x
(log x)(loglog "%&*)  log %"

for any positive constant B.

. 1 " u(k#D o
It remains to analyze the term 5 D)

free positive integers k composed of primes which are unramified in K we have
#Dy> = O(k?) (see Corollary 3.13). For k equal to 2 or composed of ramified primes

li x. We recall that for odd square-
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of K we obtain that # D). is bounded absolutely. Hence

1 pRH#D g pk#Dge |
2 ; n (k?) Zk: n (k?) ;; 4(12) 7/2
X

< Jllog y)(logx)’

Using (26) in this estimate, we obtain that

(K)#Dy2 . X
hie(x, Q) = Z“—11x+o(—)
26 n(K) N9/ (log x)B

0 by loglog x
(log x)(log log 3¢)  log &

This completes the proof of Theorem 1.1.

5 Proof of Theorem 1.2

We consider the problem of improving the error terms in the asymptotic formula for
hEg(x, Q) obtained in Theorem 1.1. This time we shall use splitting (15) introduced in
Sect. 2 and assume GRH.

We estimate A (x, y) similarly to how we estimated N (x, y) in Theorem 1.1; now,
however, we use the conditional Chebotarev Density Theorem 3.2. Note that since the
extensions L;2 /K are abelian, AHC holds and we do not have it as an extra assumption.
We obtain that

Nx,y) = Z“(k)#D"2 lix+> 0 (kx1/2(10g(kNx)))

k<y k<y
_ p(k)#Dy> . 2,172
_ zgy—(/#) x40 ( (log(Nx))) (34)

where we have also used Lemma 3.4, Proposition 3.9 and Corollary 3.13.

The sum M (x, y, 24/x) is estimated along similar lines as the sum M (x, y, 2,/X).
The details follow.

We write each index k as

k = kikyks,

where k; is composed of inert primes of K, k, is composed of ramified primes of K,
and k; is composed of primes which split completely in K. By using Lemma 3.17
we obtain that, for any square-free integer k such that k?|#E p(IFp) for some ordinary
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prime p, we have that p splits completely in K and

(p = 1) = kik, I (ks) - ()

(35)

for some o € Ok, where I (ky) is an ideal of O obtained by taking the product
of the ideals qq, q, or ﬁz according to whether 7, splits completely in K (E [qﬁ]),
K (E [qz]), or K (E [ﬁ2]), respectively, with ¢ running over the prime ideals of K
lying above prime divisors g of ky. We note that there are 3"*s) possible such ideals

I (ky). We also remark that for « as in (35) we have

Nejgrp =1 _ (VP+1)°

(vx+1)*

N =
KO = N ok TR = K2

so that the number of possible « is

k

<

k2 '

o5 ) o) %)

k/D

The above remarks imply that

M (x, v, Zﬁ) < Z Z

y<k<2x P=X
k square-free ap7#0

k=kik,ky (Tp—1)=kikr I (ks)(c)

vik) [
« 2,3 (k2k2k2
y<k52ﬁ 1rs
k square-free
k=k;ky ks

< > > 3”“‘9(

ks<2/x % <k;i <2./x

vk (X VX
< >3 (yks+

ks
ks<2/x

< %(logx)3 + Vx(log x)*,

k2k2 kiks)

kikyks

o)

5

X

+

log x)

(36)

1
where we have also used that E o= logx + O(1) and
n<x n

Z ’® <« x(logx)“ .

k<x
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Putting (15), (34), and (36) together gives

_l pn(#Dy2 2172
he(x, Q) = Zg—n i) lix+0 (y x (log(Nx)))

+0 (i(log x)3) +0 (xl/z(logx)3).
y

We choose y such that yle/z(log(Nx)) = ;—f(logx)3, that is,

. x'/logx
YT og(Na)) 17
Then
wk)#Dy2
he(x, Q) = ZTk lix+0 (x5/6(10gx)2(10g(Nx))1/3). (38)
= e
g1 /A(k)#Dkz . . .
To handle the tail fzk @D li x, we use again our estimates for #D;> and
>y

n(k?), as well as (37). We obtain, by partial summation, that

w(k)#Dga . x k22v®)
Z lix <€ Z
2 4
oo (k?) log x = k
xlogy
ylogx
< x/®(logx) ™' (log(Nx))'/3. (39)

From (38) and (39) we now deduce the asymptotic formula claimed in the statement
of Theorem 1.2.

6 The positivity of the density d g

In this section we prove Theorem 1.3 about the positivity of the density . Before
proceeding any further, let us remark that since we are in the CM case, the order of the
torsion subgroup E(Q)ors of E(Q) canbe 1,2, 3,4, or 6. Hence it #E (Q)ors = 4, then
41#E,(IF,) for all but finitely many primes p, and so 6 = 0. This clearly happens if
Q(E[2]) = Q. Thus anecessary condition for the positivity of § ¢ is that Q(E[2]) # Q.
Now let us also find a sufficient condition. Our arguments will be similar to the ones
used in [9, pp. 28-32].
From Corollary 3.18 we see that

1 u(a)p(k)
Sg % K (40)

T2 a2)K (E[k]) : K1’
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where the sum is over square-free ideals a of Ok composed of first degree unramified
prime ideals, and over square-free positive integers k.
We write each a and k as above in the form

a=uab, k=kb,

where aj, b are square-free ideals of Ok such that ged{a;, (6N)} = 1 and b|(6N),
and k1, b are positive square-free integers such that gcd{k;, 6N} = 1 and b|6N.
With this notation, we make the following important remarks:

[K(E[a*)K (E[k]): K1=[K (E[ai)K (E[ki]): K] - [K(E[6*)K (E[b]): K],
(41)
_[K(E[a})) : K] [K(E[ki]): K]

K(E[a*])K (E[k{]): K]= ’ 42
[K(E[aiDK (ETkD: K] @ (ged{ay, (k1)}) “

where, we recall, ®(-) denotes the generalized Euler function of K. Equation (41) is
derived from the relation

[K(E[a®)K (E[K]) : K(E[6°)K (E[b])] = [K (E[a{]) K (E[ki]) : K],

which is a straightforward consequence of the fact that for prime ideals q of Og
dividing lcm{a%, (k1)} we have that K (E[q?]) is an extension of K in which q ramifies
totally, and in which primes not dividing 6 N q do not ramify (see Proposition 3.10). The
proof of (42) is also based on Proposition 3.10, as follows. Since a; and k; are coprime
to (6N) and 6N, respectively, so is lcm{a%, (k1)}. Thus the corresponding Galois
groups of K (E[a}])/K, K(E[k11)/K, and K (E[lem{a?, k1}])/K are isomorphic to
the unit groups ((’)K/a%)x, (Ok/k1Og)*, and ((’)K/lcm{a%, (k1)})™, respectively.
Moreover, ®(-) is multiplicative, hence we can write

(K (E[ai)K (Elk]) : K] = [K(E[lem{af, (k1)}]) : K]
= ®(Iemfaf, (k1)})
(@R (k)
 ®(ged{a?, (kn)})
[K(E[a?]) : K1[K (E[ki]) : K]
®(ged{ay, k1}) ’

Using (41) we can now write

! plan (k) p (o) (b) 1
Sp=— e
E= 35 % [K(E[a?DK (E[k]) : K] % [K(E[02)K (E[b]) : K] 2°'? (43)

It remains to analyze the positivity of each of §; and 4.
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By using (42), we write

-y p(ap) k)@ (gedfar, (k1)})
[K(E[a3]) : KI[K(E[k1]) : K1’

ar,ki

Since gcdf{ay, (6N)} = ged{k;, 6N} = 1, by Proposition 3.10 all the functions
involved in the expression of §; are multiplicative. Therefore we can rewrite the sum
as an Euler product, and show that each of the factors involved is positive.

First we write

(k) P (ged{q, (kl)}))
81 = —_— ] ——=—2 )
= 2 K K] E[( [K(E4?]) : K]

ki

where the inner product is over first degree unramified prime ideals q of Ok, coprime
to (6N). In the following discussion on §;, the meaning of q will remain the same.
By using once again that for q { (6N) we have [K(E[q%]) : K] = ®(q?), and by
rearranging the factors, we obtain

: a0 sw) (- ai)
8§ = 1— l—— ) (1= —
: 1:[( ‘D(Clz)) z [K(E[k1]) : K] H Nk ,o(a) @ (g?)

ki q‘kl
- I () (- 50)
- T 20,2 _ T2
o q°(g=—1) g-—1
q inert in K
< I () (- 25)
T a0 —1) T 2_,-1)
of6N q(q — 1) g°—q—1
g splits in K

From here it is clear that §; > 0.

Now we analyze §,. Let 6 be the density of the primes p of K not splitting completely
in any of K (E[q]), where ¢ is a rational prime of second degree in K and dividing
6N, and in any of K (E[q]), where q is a prime ideal of Ok, dividing (6N), and of
first degree. Since §; is the density of primes p of K not splitting completely in any
of K (E[q%]), where q is a prime ideal of K of first degree and dividing (6N), and in
any of K(E[q]), where ¢ is a rational prime dividing 6N, we have

8 > 6. (44)

It was shown in [9, pp. 30] that

w(q)
0 1-—). 45
= 11 ( <1><q)) )

ql(6N)
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where the product is over prime ideal divisors q of (6/N) and w(q) denotes the number
of inequivalent units modulo g. Thus, as in [9, p. 30], 8 > 0 if 2 and 3 are inert in K,
which happens if K # Q(v/—1) or K # Q(+/=3).

Along the same lines as in [9, p. 30-31] we also have that §, > 0if K = Q(+/—11),
and 8 = 0 if K = Q(+/—7). This completes the proof of Theorem 1.3.

7 Proof of Theorem 1.4

We prove Theorem 1.4 by comparing the main term 8z lix ~ 8g @ with the error
terms
logl
— w
(logx)(loglog 377)  log <55+
0 (xs/ﬁ(logx)2(1og(Nx))1/3) (47)

obtained in Theorems 1.1 and 1.2, respectively. We recall that the latter assumes GRH.
From (44), (45) and Mertens’ Theorem we deduce that

) _—
E> loglog N

Then we see that if we choose x := cexp(eN 3) for some suitable absolute constant
¢, we have that the main term is bigger than the error term (46), while if we choose
x = c(e)(log N)%t¢ for some suitable constant c(e) depending on a fixed ¢ > 0, we
have that the main term is bigger than the error term (47). This completes the proof of
Theorem 1.4.
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