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The Distribution of the First Elementary
Divisor of the Reductions of a Generic
Drinfeld Module of Arbitrary Rank

Alina Carmen Cojocaru and Andrew Michael Shulman

Abstract. Let ψ be a generic Drinfeld module of rank r ≥ 2. We study the first elementary divisor
d1,℘ (ψ) of the reduction of ψ modulo a prime ℘ , as ℘ varies. In particular, we prove the existence of
the density of the primes ℘ for which d1,℘ (ψ) is fixed. For r = 2, we also study the second elementary
divisor (the exponent) of the reduction of ψ modulo ℘ and prove that, on average, it has a large
norm. Our work is motivated by J.-P. Serre’s study of an elliptic curve analogue of Artin’s Primitive
Root Conjecture, and, moreover, by refinements to Serre’s study developed by the first author and
M. R. Murty.

1 Introduction and Statement of Results

A beautiful and fruitful theme in number theory is that of exploring versions of one
given problem in both the number field and function field settings. In many in-
stances, such explorations unravel striking analogies, shedding light to deep basic
principles underlying the problem. In other instances, the number field and func-
tion field versions of the same problem turn out to be surprisingly different.

This article is part of such dual investigations, where the problem is that of Frobe-
nius distributions in GL-extensions, generated by elliptic curves over number fields
and by Drinfeld modules over function fields. In particular, the article focuses on
the problem of determining the distribution of the first elementary divisor of the
reduction modulo a prime of a generic Drinfeld module, as the prime varies. Our
main result is analogous to a generalization of a result of J.-P. Serre [Se], proved in
[CoMu] and [Co3], for the reductions modulo primes of an elliptic curve over Q .
The techniques used in proving our main result lead to further applications, such as
to Drinfeld module analogues of a result of W. Duke [Du] and of a recent result of
T. Freiberg and P. Kurlberg [FrKu], as we now explain.

Let E/Q be an elliptic curve over Q , and for a prime p of good reduction, let
Ep/Fp be the reduction of E modulo p. By the theory of torsion points of elliptic
curves, there exist uniquely determined positive integers d1,p(E), d2,p(E) such that

Ep(Fp) 'Z Z/d1,p(E)Z× Z/d2,p(E)Z and d1,p(E) | d2,p(E).
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In the theory of Z-modules, the integers d1,p(E), d2,p(E) are called the elementary
divisors of Ep(Fp), with the largest of them, d2 = d2,p(E), called the exponent, having
the property that d2x = 0 for all x ∈ Ep(Fp) (see the general definition in [La,
p. 149]).

The study of the growth of d2,p(E), as the prime p varies and E/Q is fixed, was
initiated by R. Schoof [Sc], who showed that if EndQ (E) ' Z, then

d2,p(E)� log p

(log log p)2

√
p.

W. Duke [Du] improved this bound substantially, but in an “almost all” sense. To be
precise, Duke showed that, given any positive function f with limx→∞ f (x) = ∞,
then, as x→∞,

(1.1) #
{

p ≤ x : d2,p(E) >
p

f (p)

}
∼ π(x),

unconditionally if EndQ (E) 6' Z, and conditionally upon the Generalized Riemann
Hypothesis (GRH) if EndQ (E) ' Z. Here, π(x) denotes the number of primes p ≤ x.
By the “Riemann hypothesis for curves over finite fields” (Hasse’s bound in this case),
the numerator p in the growth p

f (p) of d2,p(E) above is very close to the order of
magnitude of #Ep(Fp). Thus, roughly, Duke’s result says that for almost all p, the
exponent of Ep(Fp) is almost as large as the order of Ep(Fp). This behaviour is also
confirmed by a recent result of T. Freiberg and P. Kurlberg [FrKu] (see also the follow
up papers by S. Kim [Ki] and J. Wu [Wu]), in the following sense. Under the same
assumptions as Duke’s, Freiberg and Kurlberg showed that, as x→∞,

(1.2)
1

π(x)

∑
p≤x

d2,p(E) ∼ c(E)x

for some explicit constant c(E) ∈ (0, 1), depending on E.
The proofs of (1.1) and (1.2) reduce to the analysis of sums of the form∑

y<d<z
#
{

p ≤ x : d | d1,p(E)
}

for suitable parameters y = y(x), z = z(x). In particular, they reduce to an under-
standing of the first elementary divisor d1,p(E).

The study of d1,p(E), as the prime p varies and E/Q is fixed, has been carried out
for over four decades and precedes the study of d2,p(E). Most notably, J.-P. Serre [Se]
studied the distribution of the primes p for which d1,p(E) = 1 in analogy to the study
of the Artin primitive root conjecture, while M. R. Murty [Mu] and, later, the first au-
thor of this paper, refined and strengthened Serre’s result, proving the following (see
[Co1, Co2, CoMu, Co3]): for any d ∈ N, there exists an explicit constant δE,Q (d) ≥ 0
such that, as x→∞,

(1.3) #
{

p ≤ x : d1,p(E) = d
}
∼ δE,Q (d)π(x),

unconditionally if EndQ (E) 6' Z, and conditionally upon GRH if EndQ (E) ' Z.
Under GRH, Cojocaru and Murty [CoMu] (see also [Co3]) showed that the error
term in this asymptotic is OE,d(x

3
4 (log x)

1
2 ) if EndQ (E) 6' Z, and OE,d(x

5
6 (log x)

2
3 ) if

EndQ (E) ' Z.
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When considering the function field analogue of these problems, we are naturally
led to Drinfeld modules. Indeed, the role played by elliptic curves over Q in number
field arithmetic is similar to the one played by rank 2 Drinfeld modules over Fq(T)
in function field arithmetic. Drinfeld modules also come in higher generalities, for
example in higher ranks, and, as such, when suitable, we may focus on Drinfeld
modules of arbitrary rank.

To state our main results, we fix the following: q a prime power, A := Fq[T],
k := Fq(T), K ⊇ k a finite field extension, ψ : A → K{τ} a generic Drinfeld
A-module over K of rank r ≥ 2. Here, τ : x 7→ xq is the q-th power Frobenius
automorphism and K{τ} is the skew-symmetric polynomial ring in τ over K (we
will review definitions and basic properties in Sections 2 and 3).

By classical theory, all but finitely many of the primes℘ of K are of good reduction
for ψ. We denote by Pψ the collection of these primes, and for each ℘ ∈ Pψ , we
consider the residue field F℘ at℘ and the A-module structure on F℘ , denotedψ(F℘ ),
defined by the reduction ψ ⊗ ℘ : A→ F℘ {τ} of ψ modulo ℘ .

By the theory of torsion points for Drinfeld modules and that of finitely gen-
erated modules over a PID, there exist uniquely determined monic polynomials
d1,℘ (ψ), . . . , dr,℘ (ψ) ∈ A such that

(1.4) ψ(F℘ ) 'A A/d1,℘ (ψ)A× · · · × A/dr,℘ (ψ)A

and d1,℘ (ψ)| · · · |dr,℘ (ψ). The polynomials d1,℘ (ψ), . . . , dr,℘ (ψ) are the elementary
divisors of the A-module ψ(F℘ ), with the largest of them, dr = dr,℘ (ψ), the exponent,
having the property that drx = 0 for all x ∈ ψ(F℘ ). Here, drx := (ψ ⊗ F℘ )(dr)(x).

Associated with this setting, we introduce the following additional notation. We
let FK denote the constant field of K and cK := [FK : Fq]; thus FK = FqcK . For a
non-zero a ∈ A, we let |a|∞ := qdeg a, where deg a is the degree of a as a polynomial
in T. For a prime ℘ of K, we let degK ℘ := [F℘ : FK ] and |℘ |∞ := qcK degK ℘ . We set

πK (x) := #{℘ prime of K : degK ℘ = x}

and recall the effective Prime Number Theorem for K:

(1.5) πK (x) =
qcK x

x
+ OK

( q
cK x

2

x

)
.

The first main result of the paper follows.

Theorem 1.1 Let q be a prime power, A := Fq[T], k := Fq(T) and let K/k be a
finite field extension. Let ψ : A→ K{τ} be a generic Drinfeld A-module over K, of rank
r ≥ 2. Let d ∈ A be monic. Then, as x→∞,

(1.6) #
{
℘ ∈ Pψ : degK ℘ = x, d1,℘ (ψ) = d

}
∼ πK (x)

∑
m∈A

m monic

µA(m)cmd(x)

[K(ψ[md]) : K]
,

where µA( · ) is the Möbius function on A, K(ψ[md]) is the md-division field of ψ, and

cmd(x) :=

{
[K(ψ[md]) ∩ FK : FK ] if [K(ψ[md]) ∩ FK : FK ] | x,

0 otherwise.
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Moreover, the Dirichlet density of the set {℘ ∈ Pψ : d1,℘ (ψ) = d} exists and is given
by

δψ,K (d) :=
∑
m∈A

m monic

µA(m)

[K(ψ[md]) :K]
.

This is a large generalization of a result proved independently in [KuLi] for d = 1
and for Drinfeld modulesψ having a trivial endomorphism ring. Note that the proofs
of both Theorem 1.1 and [KuLi, Theorem 1] are based on the main ideas introduced
by Cojocaru and Murty in [CoMu].

The essence of the proof of this theorem can be summarized as a Chebotarev Den-
sity Theorem for infinitely many Galois extensions generated by the generic Drinfeld
module ψ.

Theorem 1.2 Let q be a prime power, A := Fq[T], k := Fq(T), and let K/k be a
finite field extension. Let ψ : A→ K{τ} be a generic Drinfeld A-module over K, of rank
r ≥ 2. Then, as x→∞,∑

m∈A
m monic

#
{
℘ ∈ Pψ : degK ℘ = x, ℘ splits completely in K(ψ[m])

}
∼ πK (x)

∑
m∈A
monic

cm(x)

[K(ψ[m]) :K]
,

with notation as in Theorem 1.1.

As a consequence of the techniques used in proving Theorems 1.1 and 1.2, we
obtain the following analogues of the results of [Du] and [FrKu] in the case of a rank
2 generic Drinfeld module over K.

Theorem 1.3 Let q be a prime power, A := Fq[T], k := Fq(T), and let K/k be a
finite field extension. Let ψ : A→ K{τ} be a generic Drinfeld A-module over K, of rank
2.

(i) Let f : (0,∞)→ (0,∞) be such that limx→∞ f (x) =∞. Then, as x→∞,

#
{
℘ ∈ Pψ : degK ℘ = x, |d2,℘ (ψ)|∞ >

|℘ |∞
qcK f (x)

}
∼ πK (x).

Moreover, the Dirichlet density of the set{
℘ ∈ Pψ : |d2,℘ (ψ)|∞ >

|℘ |∞
qcK f (degK ℘ )

}
exists and equals 1.

(ii) As x→∞, we have

1

πK (x)

∑
℘∈Pψ

degK ℘=x

|d2,℘ (ψ)|∞ ∼ qcK x
∑
m∈A

m monic

cm(x)

[K(ψ[m]) : K]

∑
a,b∈A

a,b monic
ab=m

µA(a)

|b|∞
.
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The structure of the paper is as follows. In Section 2, we review standard notation
and terminology for the arithmetic of A and that of A-fields, and we include a few
lemmas on elementary function field arithmetic that will be used in Sections 5 and
6. In Section 3, we discuss definitions and main results from the theory of Drinfeld
modules, with a focus on properties of division fields of Drinfeld modules. These
properties will be relevant in the proofs of Theorems 1.1, 1.2, and 1.3. In Section 4,
we recall an effective version of the Chebotarev density theorem, which we apply to
division fields of generic Drinfeld modules, using results from Section 3; this appli-
cation of Chebotarev is the first key ingredient in the proofs of our main theorems.
In Section 5, we present the proofs of Theorems 1.1 and 1.2, while in Section 6 we
present the proof of Theorem 1.3. With the algebraic background from Sections 3–5
in place, the general flavour of our proofs is analytic. We conclude the paper with
remarks on the error terms and the densities appearing in our main theorems.

2 Notation and Basic Facts

Throughout the paper, we will use the following notation and basic results.

2.1 Basic Notation

We use N for the set of natural numbers {1, 2, 3, . . .}, and R, C for the sets of real and
complex numbers, respectively.

For two functions f , g : D → R, with D ⊆ C and g positive, we write f (x) =
O(g(x)) or f (x)� g(x) if there is a positive constant C such that | f (x)| ≤ Cg(x) for
all x ∈ D. If C depends on another specified object C ′, we write f (x) = OC′(g(x))
or f (x) �C′ g(x). We write f (x) = o(g(x)), or sometimes f (x) ∼ 0 · g(x), if
limx→∞

f (x)
g(x) = 0, and f (x) ∼ δg(x) for δ > 0 if limx→∞

f (x)
g(x) = δ (whenever the

limits exist).

2.2 Elementary Arithmetic

We let q be a prime power, fixed throughout the paper. Our implied O-constants may
depend on q without any additional specification.

We denote by Fq the finite field with q elements, by F∗q its group of units, by Fq an
algebraic closure, and by τ : x 7→ xq the q-th power Frobenius automorphism.

As in Section 1, we denote by A := Fq[T] the polynomial ring over Fq and by
k := Fq(T) = Quot(A) its field of fractions; we denote by A(1) the set of monic
polynomials in A.

We recall that A is a Euclidean domain, hence the greatest common divisor, de-
noted gcd, and the least common multiple, denoted lcm, exist in A. We recall that 1

T
plays the role of the “prime at infinity” of k, while the “finite primes” of k are identi-
fied with monic irreducible polynomials of A. We will simply refer to the latter as the
primes of k.

We denote the monic irreducible elements of A by p or `. We denote the primes
of k by p = pA, with p ∈ A(1), or by l = `A, with ` ∈ A(1). For such primes, we



The Distribution of the First Elementary Divisor 1331

denote their residue fields by Fp, Fl, and the completions of A, respectively of k, by
Ap, Al, and kp, kl.

For a ∈ A, we use the following standard notation:

• deg a for the degree of a 6= 0 as a polynomial in T, and deg 0 := −∞;
• |a|∞ := qdeg a if a 6= 0, and |0|∞ := 0;
• sgn(a) ∈ Fq for the leading coefficient of a;
• µA(a) for the Möbius function of a on A, that is, letting a = sgn(a) · pe1

1 . . . pet
t be

the prime decomposition of a ∈ A\Fq, we have

µA(a) :=


1 if a ∈ F∗q ,

(−1)t if a ∈ A\Fq and e1 = e2 = · · · = et = 1,

0 otherwise;

• (A/aA)∗ for the group of units of A/aA;
• φA(a) for the Euler function of a on A, that is,

φA(a) := #(A/aA)∗

= #{a′ ∈ A\{0} : deg a′ < deg a, gcd(a, a′) = 1}

= |a|∞
∏

p∈A(1)

p|a

(
1− 1

|p|∞

)
;

• GLr(A/aA) := {(ai j)1≤i, j≤r : ai j ∈ A/aA, det(ai j)i, j ∈ (A/aA)∗}.
We record below a few arithmetic results needed in the proofs of our main theo-

rems.

Lemma 2.1 Let y ∈ N. Then

(i)
∑

a∈A(1)

0≤deg a≤y

1 =
qy+1 − 1

q− 1
;

(ii)
∑

a∈A(1)

0≤deg a≤y

deg a ≤ y
qy+1 − 1

q− 1
.

Proof Part (i) is easily deduced by partitioning the polynomials a under summation
according to their degrees. Part (ii) follows from this.

Lemma 2.2 Let y ∈ N\{1, 2} and let α > 1. Then

(i)
∑
a∈A

deg a>y

1

qα deg a
=

q

(1− 1
qα−1 )q(α−1)(y+1)

;

(ii)
∑
a∈A

deg a>y

log deg a

qα deg a
≤ (q− 1) log y

q(log q)(α− 1)q(α−1)y
+

q− 1

q(log q)2(α− 1)2 y
· q(1−α)y ,

provided y is sufficiently large (specifically, (α− 1)(log q)y(log y) > 1).
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Proof As in the proof of Lemma 2.1, (i) is deduced easily by partitioning the poly-
nomials a under summation according to their degrees. Part (ii) is deduced proceed-
ing similarly, and also by using integration by parts.

Lemma 2.3 Let a ∈ A\{0}. Then∑
d∈A
d|a

µA(d) =

{
q− 1 if a ∈ F∗q ,

0 otherwise.

Proof If a ∈ F∗q , then ∑
d∈A
d|a

µA(d) =
∑

d∈F∗q

1 = q− 1.

If a 6∈ F∗q , let a = sgn(a) · pe1
1 · · · p

et
t be the prime factorization of a and let rad(a) :=

sgn(a) · p1 · · · pt be the radical of a. Then∑
d∈A
d|a

µA(d) =
∑
d∈A

d| rad(a)

µA(d).

Note that if F∗q = 〈u〉, then the divisors d | rad(a) are of the form: uα for some
1 ≤ α ≤ q− 1; or uαpi for some 1 ≤ α ≤ q− 1 and some 1 ≤ i ≤ t ; or uαpi1 pi2 for
some 1 ≤ α ≤ q−1 and some 1 ≤ i1 < i2 ≤ t ; etc. There are (q−1)

(t
0

)
possibilities

for the first type, (q − 1)
(t

1

)
possibilities for the second, (q − 1)

(t
2

)
possibilities for

the third, etc. In summary, we have∑
d∈A

d| rad(a)

µA(d) =
∑

0≤i≤t
(q− 1)

(
t

i

)
(−1)i = (q− 1)(1− 1)t = 0.

This completes the proof.

Lemma 2.4 Let d ∈ A\{0}. Then

1

|d|∞
=

1

(q− 1)2

∑
a,b∈A
ab|d

µA(a)

|b|∞
.

Proof By using Lemma 2.3, we have

1

(q− 1)2

∑
a,b∈A
ab|d

µA(a)

|b|∞
=

1

(q− 1)2

∑
b∈A

1

|b|∞
∑
a∈A
a| d

b

µA(a)

=
1

q− 1

∑
b∈A

d
b∈F∗q

1

|b|∞
=

1

|d|∞
.

Lemma 2.5 Let d ∈ A(1). Then∑
m,n∈A(1)

mn=d

µA(m)

|n|∞
=

(−1)ω(d)φA(rad(d))

|d|∞
,
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where ω(d) is the number of all monic prime divisors of d (counted without multiplici-
ties) and rad(d) is the radical of d.

Proof By multiplicativity, we have

∑
m,n∈A(1)

mn=d

µA(m)

|n|∞
=

∏
p∈A(1)

pt ||d

∑
n∈A(1)

n|pt

µA( pt

n )

|n|∞
=

∏
p∈A(1)

pt ||d

1− |p|∞
|p|t∞

=
(−1)ω(d)φA(rad(d))

|d|∞
.

2.3 A-modules

For A-modules M1, M2, we write M1 'A M2 to mean that M1, M2 are isomorphic
over A, and M1 ≤A M2 to mean that M1 is an A-submodule of M2.

For a non-zero finite A-module M, we let χ(M) be its Euler-Poincaré characteristic,
defined as the ideal of A uniquely determined by the following conditions:

(a) if M 'A A/p for a prime ideal p of A, then χ(M) := p;
(b) if 0 → M1 → M → M2 → 0 is an exact sequence of A-modules, then χ(M) =

χ(M1)χ(M2).

We let |χ(M)|∞ := |m|∞ for some generator m ∈ A of χ(M).

2.4 A-fields

We reserve the notation (L, δ) for A-fields, that is, pairs consisting of a field L ⊇ Fq

and an Fq-algebra homomorphism δ : A→ L. We recall that the kernel of δ is called
the A-characteristic of L; in particular, if Ker δ = (0), L is said to have generic A-
characteristic, and if Ker δ 6= (0), L is said to have finite A-characteristic.

We denote by L an algebraic closure of L, by Lsep the separable closure of L in L,
and by GL := Gal(Lsep/L) the absolute Galois group of L. We also denote by L{τ}
the skew-symmetric polynomial ring in τ over L, that is,

L{τ} :=
{ ∑

0≤i≤n
ciτ

i : ci ∈ L ∀ 0 ≤ i ≤ n, n ∈ N ∪ {0}
}
,

with the multiplication rule τ c = cqτ ∀c ∈ L. For an element f ∈ L{τ}, we denote
by degτ ( f ) its degree as a polynomial in τ . We recall that L{τ} is isomorphic to the
Fq-endomorphism ring EndFq (Ga/L) of the additive group scheme Ga over L.

2.5 Finite Field Extensions of k

We reserve the notation K for a finite field extension of k of genus gK . Note that the
inclusions A ⊆ k and k ⊆ K give K an A-field structure of generic A-characteristic.
We denote by FK the constant field of K (that is, FK = K∩Fq), and by FK an algebraic
closure of FK . We set cK := [FK : Fq].

By a prime of K we mean a discrete valuation ring O with maximal ideal M such
that the quotient field Quot(O) of O equals K. In particular, for a prime ℘ of K, we
denote by (O℘ ,M℘ ) the associated discrete valuation ring, by F℘ := O℘ /M℘ the
associated residue field, by degK ℘ := [F℘ : FK ] the degree of ℘ in K, and by F℘ an
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algebraic closure of F℘ . We denote the prime ℘ ∩A of A by p, and we denote by p the
monic generator of p. We set m℘ := [F℘ : A/p] and record the following diagram:

(2.1) F℘ := O℘ /M℘

degK ℘ m℘

FK = FqcK

cK

Fp := A/p = Fqdeg p

deg p

Fq

Hence the relationship between the | · |∞-norm of a prime ℘ of K and that of its
associated prime p = pA in k is

|℘ |∞ = #FK = |p|m℘
∞ .

Finally, for a finite Galois extension K′ of K, we write σ℘ for the Artin symbol
(“the Frobenius”) at ℘ in K′/K.

3 Drinfeld Modules

3.1 Basic Definitions

Let (L, δ) be an A-field. A Drinfeld A-module over L is an Fq-algebra homomorphism

ψ : A −→ L{τ}
a 7−→ ψa

such that:

(a) for all a ∈ A, D(ψa) = δ(a), where D : L{τ} → L, D(
∑

0≤i≤n ciτ
i) = c0 is the

differentiation with respect to x map;
(b) Imψ 6⊆ L.

A homomorphism ψ as above induces a nontrivial A-module structure on L, or,
more generally, on any L-algebra Ω; we denote this structure by ψ(Ω).

Associated with a Drinfeld A-module ψ over L we have two important invariants,
called the rank and the height. We define the rank of ψ as the unique positive integer
r such that

degτ (ψa) = r deg a ∀a ∈ A.

If L has generic A-characteristic, we define the height of ψ as zero. If L is of finite
A-characteristic p = pA, we define the height of ψ as the unique positive integer h
such that

min{0 ≤ i ≤ r deg a : ci,a(ψ) 6= 0} = h ordp(a) deg p ∀a ∈ A, a 6= 0,

where

ψa =
∑

0≤i≤r deg a
ci,a(ψ)τ i

and ordp(a) := t with pt ||a.
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For the purpose of this paper, the rank and the height are particularly relevant
in determining the structure (1.4) of the reductions modulo primes of a Drinfeld
A-module in generic characteristic.

3.2 Endomorphism Rings

Let (L, δ) be an A-field. Given ψ,ψ′ : A → L{τ} Drinfeld A-modules over L, a mor-
phism from ψ to ψ′ over L is an element f ∈ L{τ} such that

fψa = ψ′a f ∀a ∈ A.

An isogeny from ψ to ψ′ over L is a non-zero morphism as above. An isomorphism
from ψ to ψ′ over L is an element f ∈ L∗ such that fψa = ψ′a f for all a ∈ A.
Finally, EndL(ψ) and EndL(ψ) are the rings of endomorphisms of ψ over L and over
L, respectively.

We remark that

ψ(A) ⊆ EndL(ψ) ⊆ EndL(ψ)

and that isogenous Drinfeld modules have the same rank and height.
For ease of notation, we shall henceforth denote the category of Drinfeld A-mod-

ules over L (with a fixed A-field structure (L, δ)) by DrinA(L).
Note that, in the setting of our main theorems, K ⊇ k a fixed field extension and

ψ : A → K{τ} a generic Drinfeld A-module over K, we are implicitly working with
the structure on K arising from the injective homomorphism D ◦ ψ : A→ K.

Remark 3.1 The category DrinA(L) of Drinfeld A-modules over L may be defined
in greater generality. Indeed, we may fix an arbitrary function field K and a prime
∞ of K . We then take A as the ring of functions on K regular away from∞ and
define the category DrinA (L ) of Drinfeld A -modules over A -fields L exactly as
we did above.

The endomorphism rings introduced here have important properties:

Theorem 3.2 ([Go, Prop. 4.7.6, p. 80, Theorem 4.7.8, p. 81, Prop. 4.7.17, p. 84],
[Th, Theorem 2.7.2, p. 50]) Let (L, δ) be an A-field with generic A-characteristic. Let
ψ ∈ DrinA(L) be of rank r ≥ 1. Then EndL(ψ) has the following properties:

(i) EndL(ψ) is commutative;
(ii) EndL(ψ) is a finitely generated projective A-module of rank at most r;
(iii) if we let k′ denote EndL(ψ) ⊗A k, then k′ is a finite field extension of k satisfying

[k′ :k] ≤ r.

3.3 Division Points

Let (L, δ) be an A-field and let ψ ∈ DrinA(L). Let a ∈ A\Fq. We define the a-division
module of ψ by

ψ[a] :=
{
λ ∈ L : ψa(λ) = 0

}
.
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When a = ` is irreducible, we define the `∞-division module of ψ by

ψ[`∞] :=
⋃

n≥1
ψ[`n].

Note that ψ[a] is a torsion A-module via ψ. As we recall below, its A-module
structure is well determined by a and ψ.

Theorem 3.3 ([Ro, Theorem 13.1 p. 221]) Let (L, δ) be an A-field with A-charac-
teristic p (possibly zero). Let ψ ∈ DrinA(L) be of rank r ≥ 1 and height h. Let l 6= p be
a non-zero prime ideal of A with l = `A, and let e ≥ 1 be an integer. Then

ψ[`e] 'A (A/`eA)r.

If p = pA is non-zero, then

ψ[pe] 'A (A/peA)r−h.

Corollary 3.4 Let (L, δ) be an A-field with A-characteristic p (possibly zero). Let
ψ ∈ DrinA(L) be of rank r ≥ 1 and height h. Let a ∈ A\Fq and write the ideal aA
uniquely as the product of ideals a1, a2 of A such that a1 is relatively prime to p and a2

is composed of prime divisors of p. Then

ψ[a] 'A (A/a1)r ⊕ (A/a2)r−h ≤A (A/aA)r.

Remark 3.5 Theorem 3.3 and Corollary 3.4 hold in greater generality. In partic-
ular, the results hold for a Drinfeld module ψ ∈ DrinA (L ), where A is the ring of
functions on an arbitrary function field K which are regular away from some fixed
prime in K , and where L is any A -field.

3.4 Reductions Modulo Primes

Let (L, δ) be an A-field and let ψ ∈ DrinA(L) be of rank r ≥ 1. Let ℘ be a prime of L.
We say that ψ has integral coefficients at ℘ if

(a) ψa ∈ O℘ {τ} for all a ∈ A, and
(b) ψ⊗F℘ : A→ F℘ {τ}, defined by a 7→ ψa (mod ℘ ), is a Drinfeld A-module over

F℘ (of some rank 0 < r1 ≤ r).

In this case, we also say that ψ ⊗ F℘ is the reduction of ψ modulo ℘ .
We say that ψ has good reduction at ℘ if there exists ψ′ ∈ DrinA(L) such that

(i) ψ′ 'K ψ,
(ii) ψ′ has integral coefficients at ℘ , and
(iii) ψ′ ⊗ F℘ has rank r.

For the remainder of this subsection, we assume that L = K is a finite field exten-
sion of k and that ψ ∈ DrinA(K) has generic characteristic. There are only finitely
many primes of K that are not of good reduction for ψ ∈ DrinA(K). As in Section 1,
we let Pψ denote the set of (finite) primes of K of good reduction for ψ.

Note that, for a prime ℘ ∈ Pψ , Corollary 3.4 gives the structure (1.4) of the
A-module ψ(F℘ ). Indeed, ψ(F℘ ) is a finite A-module, and since A is a PID, there
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exist unique polynomials d1,℘ (ψ), d2,℘ (ψ), . . . , ds,℘ (ψ) ∈ A(1) such that

ψ(F℘ ) 'A A/d1,℘ (ψ)A× · · · × A/ds,℘ (ψ)A,

with di,℘ (ψ)|di+1,℘ (ψ) for all i = 1, . . . , s − 1. That s = r follows from the fact that
ψ(F℘ ) is a torsion module, and hence, by Corollary 3.4, from the existence of some
a ∈ A\Fq such that ψ(F℘ ) ≤A ψ[a] ≤A (A/aA)r.

The following analogue of the Néron–Ogg–Shafarevich criterion for elliptic curves
holds.

Theorem 3.6 ([Tak, Theorem 1, p. 477]) Let K be a finite extension of k. Let ψ ∈
DrinA(K) be of generic characteristic. Let ℘ be a prime of K and let l = `A be a prime
ideal different from p := ℘ ∩ A. Then ψ has good reduction at ℘ if and only if the
Galois module ψ[`∞] is unramified at ℘ . Moreover, if ψ has rank 1, then ψ[`∞] is
totally ramified at l.

Note that while the last assertion of the theorem is not stated explicitly in [Tak,
Theorem 1, p. 477], its proof is given during the course of the proof of the cited
theorem.

Remark 3.7 The notion of good reduction can be introduced for a general ψ ∈
DrinA (L ), where A is the ring of functions on an arbitrary function field K that
are regular away from some fixed prime in K , and L is a generic A -field. Theo-
rem 3.6 holds in this general setting also.

3.5 Division Fields

Let K be a finite field extension of k and letψ ∈ DrinA(K) be of generic characteristic.
For a ∈ A, we define the a-division field of ψ as K(ψ[a]). This is a Galois extension of
K, which plays a crucial role in our study of the elementary divisors of the reductions
of ψ. We denote the genus of K(ψ[a]) by ga and the degree of the constant field of
K(ψ[a]) over FK by ca, that is,

(3.1) ca :=
[

K(ψ[a]) ∩ FK : FK

]
.

Here are some important properties of these division fields.

Proposition 3.8 ([Go, Remark 7.1.9, p. 196]) Let K be a finite field extension of k
and let ψ ∈ DrinA(K) be of generic characteristic. Let

Kψ,tors :=
⋃

a∈A\Fq

K(ψ[a]).

Then [Kψ,tors ∩ FK : FK ] < ∞. In particular, there exists a constant C(ψ,K) ∈ N,
depending on K and ψ, such that, for any a ∈ A\Fq, ca ≤ C(ψ,K).

Proposition 3.9 ([Ga, Corollary 7, p. 248]) Let K be a finite field extension of k and
letψ ∈ DrinA(K) be of generic characteristic. Then there exists a constant G(ψ,K) ∈ N,
depending on K and ψ, such that for any a ∈ A\Fq,

ga ≤ G(ψ,K) · [K(ψ[a]) :K] · deg a.
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3.6 Galois Representations

We start with a more general setting. Let K be a finitely generated field of tran-
scendence degree 1 over Fq, let∞ be a fixed prime of K , and let A be the ring of
functions on K regular away from ∞. Let L be a finitely generated extension of
K . Let ψ ∈ DrinA (L ) be of rank r ≥ 1, automatically of generic characteristic.

Using the general notions of division points on Drinfeld modules, for any non-
zero prime l of A we define the l-adic Tate module of ψ by

Tl(ψ) := HomA

(
Ll/Al, ψ[l∞]

)
,

where: for a non-zero ideal a of A , ψ[a] := {λ ∈ L sep : ψa(λ) = 0 ∀a ∈ a},
ψ[l∞] :=

⋃
n≥1 ψ[ln], and Ll, Al are the respective l-completions.

The l-adic Tate module of ψ is a free Al-module of rank r. Moreover, it gives rise
to continuous Galois representations

ρl,ψ : GL −→ AutAl
(Tl(ψ)) ' GLr(Al),

ρψ : GL −→
∏

l 6=∞
AutAl

(Tl(ψ)) '
∏

l 6=∞
GLr(Al) ' GLr(Â )

of the absolute Galois group GL := Gal(L sep/L ) of L . Here, Â := lim←
a

A /a,
where a are non-zero ideals of A ordered by divisibility.

These representations fit into a commutative diagram

GL

ρψ
//

ρl,ψ

&&

ρ̄ln ,ψ

��

∏
l 6=∞ GLr(Al)

π

��

GLr(Al)

mod ln

��

GLr(A /lnA ),

with π denoting the natural projection and mod ln denoting the reduction modulo
ln map.

Since the residual representation ρ̄ln,ψ gives rise to an injective representation

ρ̄ln,ψ : Gal(L
(
ψ[ln])/L

)
↪→ GLr(A /lnA ),

we immediately deduce the upper bound[
L (ψ[ln]) :L

]
≤ # GLr(A /lnA ).

This bound can be better understood using the following lemma.

Lemma 3.10 Let A be a Dedekind domain whose field of fractions is a global field
K . Let a be a non-zero ideal of A . Define

|a| := #(A /a).
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Then for any r ∈ N, we have

# GLr(A /a) = |a|r
2 ∏

l|a
l prime

(
1− 1

|l|

)(
1− 1

|l|2
)
· · ·
(

1− 1

|l|r
)

�K
|a|r2

log log |a|
.

Proof This is deduced from [Br, Lemmas 2.2 & 2.3, pp. 1243–1244].

For the main results of this paper we require more precise information about the
degree [L (ψ[ln]) :L ], which we deduce from the following important results of R.
Pink and E. Rütsche [PiRu].

Theorem 3.11 ([PiRu, Theorem 0.1, p. 883]) We keep the setting introduced at
the beginning of Section 3.6 and assume that EndL (ψ) = A . Then the image of the

representation ρψ is open in GLr(Â ), that is,∣∣GLr(Â ) : Im ρψ
∣∣ <∞.

In particular, there exists an integer i1(ψ,L ) ∈ N such that, for any non-zero a ∈ A ,∣∣GLr(A /aA ) : Gal(L (ψ[a])/L )
∣∣ ≤ i1(ψ,L ),

and there exists an ideal I1(ψ,L ) of A such that for any non-zero a ∈ A with
(aA , I1(ψ,L )) = 1,

Gal
(
L (ψ[a])/L

)
' GLr(A /aA ).

Note that ψ may have a non-trivial endomorphism ring. If all endomorphisms
of ψ are actually defined over L , then the image of ρl,ψ lies in the centralizer
CentrGLr(Al)

(
EndL (ψ)

)
. In this case, we focus on the representations

ρl,ψ : GL −→ CentrGLr(Al)

(
EndL (ψ)

)
,

ρψ : GL −→
∏

l 6=∞
CentrGLr(Al)

(
EndL (ψ)

)
.

Theorem 3.12 ([PiRu, Theorem 0.2, p. 883]) We keep the setting introduced at the
beginning of Section 3.6 and assume that

EndL (ψ) = EndL (ψ).

Then the image of the representation ρψ is open in
∏

l 6=∞ CentrGLr(Al)(EndL (ψ)), that
is, ∣∣∣ ∏

l 6=∞
CentrGLr(Al)

(
EndL (ψ)

)
: Im ρψ

∣∣∣ <∞.
In particular, there exists an integer i2(ψ,L ) ∈ N such that, for any non-zero a ∈ A ,∣∣CentrGLr(A /aA )

(
EndL (ψ)

)
: Gal(L (ψ[a])/L )

∣∣ ≤ i2(ψ,L ),

and there exists an ideal I2(ψ,L ) of A such that for any non-zero a ∈ A with
(aA , I2(ψ,L )) = 1,

Gal(L (ψ[a])/L ) ' CentrGLr(A /aA )

(
EndL (ψ)

)
.
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We will apply these results to deduce a lower bound for the degree [K(ψ[a]) : K]
of the a-division field of a generic Drinfeld module ψ ∈ DrinA(K) of rank r ≥ 2,
where K is a finite extension of k; see Theorem 3.14. Before we state and prove this
bound, let us recall the Drinfeld module analogue of the Tate Conjecture, proven in
[Tag1, Tag2].

Theorem 3.13 (The Tate Conjecture for Drinfeld module) We keep the previous
general setting K , A , L . Let ψ1, ψ2 ∈ DrinA (L ). Then, for any prime l of A , the
natural map

HomL (ψ1, ψ2)⊗A (Al) −→ HomAl[GL ]

(
Tl(ψ1),Tl(ψ2)

)
is an isomorphism.

Theorem 3.14 Let K be a finite extension of k and let ψ ∈ DrinA(K) be of rank r ≥ 2
and of generic characteristic. Let γ := rankA EndK (ψ). Then, for any a ∈ A\Fq, we
have

|a|
r2

γ
∞

log γ + log deg a + log log q
�ψ,K [K(ψ[a]) :K] ≤ |a|

r2

γ
∞.

Proof We base the proof on a strategy used in [Pi]. Let Ã := EndK (ψ) and let F be

the field of fractions of Ã. By Theorem 3.2, all endomorphisms f ∈ Ã are defined
over a finite extension K̃ of K. Thus, after identifying A with its image ψ(A) ⊆ Ã, we
can extend ψ : A→ K{τ} tautologically to a homomorphism

ψ̃ : Ã→ K̃{τ}.

This is again a Drinfeld module, with the difference that Ã may not be a maximal or-

der in K̃. To fix this, we modify ψ̃ by a suitable isogeny, using results of D. Hayes [Ha].
Indeed, we let A be the normalization of Ã in K̃. Then, by [Ha, Proposition 3.2,

p. 182], there exists a Drinfeld module

ψ : A −→ K{τ}

such that ψ|Ã is K-isogenous to ψ̃. Moreover, ψ may be chosen such that the restric-
tion ψ|Ã is defined over K.

Let K be the finite field extension of K generated by the coefficients of all endo-
morphisms in EndK (ψ). By Theorem 3.13, all the endomorphisms of ψ over K are
defined already over Ksep. Thus K is a separable Galois extension of K. Moreover,
by construction, the Galois group Gal(K /K) acts on F and, again by Theorem 3.13,
it acts faithfully.

Let Ψ : A → K {τ} be the tautological extension of ψ. This is a generic Drinfeld
module of rank R := r

γ satisfying EndK (Ψ) = EndK (Ψ) = A . By Theorem 3.12,
the image of the representation

ρΨ : GK −→
∏

l 6=∞
CentrGLR(Al)(A ) '

∏
l 6=∞

GLR(Al)
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is open. In particular, there exists an integer i(Ψ,K ) ∈ N such that, for any non-zero
a ∈ A ,

(3.2)
∣∣GLR(A /aA ) : Gal(K (Ψ[a])/K )

∣∣ ≤ i(Ψ,K ).

Since A is a Dedekind domain, by Lemma 3.10 we deduce that, for any non-zero
a ∈ A ,

(3.3)
|aA |R2

log log |aA |
�K # GLR(A /aA ) ≤ |aA |R

2

,

where |aA | := #(A /aA ).
Now let a ∈ A\Fq and remark that #(A /aA ) = #(A/aA)γ = |a|γ∞. Therefore,

(3.2) and (3.3) imply that

|a|
r2

γ
∞

log γ + log deg a + log log q
�Ψ,K

[
K (Ψ[a]) :K

]
≤ |a|

r2

γ
∞.

Finally, recalling the construction and properties of ψ̃, ψ, and Ψ in relation to ψ,
these bounds imply the ones stated in the theorem.

3.7 Arithmetic in Division Fields

Let K be a finite field extension of k and let ψ ∈ DrinA(K) be of generic characteristic
and rank r ≥ 1. We focus on providing properties of the primes splitting completely
in the division fields of ψ.

Let ℘ ∈ Pψ and let l = `A be a prime of k such that l 6= ℘ ∩ A. Let σ℘ denote
the Frobenius at ℘ in K(ψ[`])/K. The characteristic polynomial of the Frobenius σ℘
at ℘ , defined by

Pl
ψ,℘ (X) := det

(
X Id−ρψ,l(σ℘ )

)
= Xr + ar−1,℘ (ψ)Xr−1 + · · · + a1,℘ (ψ)X + a0,℘ (ψ) ∈ Al[X],

is very useful in describing further properties of ℘ when it splits completely in a
division field of K. We recall the basic properties of this polynomial.

Theorem 3.15 ([Ge, Corollary 3.4, p. 193; Theorem 5.1, p. 199]) Let K be a finite
field extension of k and let ψ ∈ DrinA(K) be of generic characteristic and rank r ≥ 1.
Let ℘ ∈ Pψ and let l = `A be a prime of k such that l 6= ℘ ∩ A. The characteristic
polynomial of the Frobenius at ℘ has the following properties.

(i) Pl
ψ,℘ (X) ∈ A[X]; in particular, Pl

ψ,℘ (X) is independent of l, and, as such, we may
drop the superscript l from notation and simply write Pψ,℘ (X).

(ii) There exists u℘ (ψ) ∈ F∗q such that a0,℘ (ψ) = u℘ (ψ)pm℘ , where, we recall, m℘ :=
[F℘ : Fp].

(iii) The roots of Pψ,℘ (X) have | · |∞-norm less than or equal to |℘ |
1
r∞.

(iv) |ai,℘ (ψ)|∞ ≤ |℘ |
r−i

r∞ for all 0 ≤ i ≤ r − 1.
(v) Pψ,℘ (1)A = χ(ψ(F℘ )), where, we recall, χ(ψ(F℘ )) denotes the Euler–Poincaré

characteristic of ψ(F℘ ).



1342 A. C. Cojocaru and A. M. Shulman

Proposition 3.16 (Characterization of primes splitting completely in division fields)
Let K be a finite field extension of k and let ψ ∈ DrinA(K) be of generic characteristic
and rank r ≥ 1. Let ℘ ∈ Pψ and let m ∈ A(1) be such that gcd(m, p) = 1, where
℘ ∩A = pA. Then ψ(F℘ ) contains an A-submodule isomorphic to (A/mA)r if and only
if ℘ splits completely in K(ψ[m])/K. Consequently, given d ∈ A(1) with gcd(d, p) = 1,
we have that d1,℘ (ψ) = d if and only if ℘ splits completely in K(ψ[d])/K and ℘ does
not split completely in K(ψ[d`])/K for any prime ` ∈ A such that ` 6= p.

Proof Let π℘ be the Frobenius automorphism of ψ(F℘ ), which may also be viewed
as a root of Pψ,℘ . Note that Ker(π℘ − 1) = ψ(F℘ ). Since gcd(m, p) = 1, Theorem
3.3 tells us that (ψ⊗F℘ )[m] 'A (A/mA)r. Therefore, ψ(F℘ ) contains an isomorphic
copy of (A/mA)r if and only if (ψ ⊗ F℘ )[m] ≤A ψ(F℘ ) = Ker(π℘ − 1).

If σ℘ denotes the Frobenius at ℘ in K(ψ[m])/K, then

(ψ ⊗ F℘ )[m] ≤A Ker(π℘ − 1)

if and only if ψ[m] ≤A Ker(σ℘ − 1). This last statement is equivalent to σ℘ acting
trivially on ψ[m], and hence to ℘ splitting completely in K(ψ[m])/K.

Proposition 3.17 Let K be a finite field extension of k and let ψ ∈ DrinA(K) be of
generic characteristic and rank r ≥ 1. Let ℘ ∈ Pψ and let a ∈ A\Fq be such that
gcd(a, p) = 1, where ℘ ∩A = pA. If ℘ splits completely in K(ψ[a]), then ar | Pψ,℘ (1).

Proof Again, let π℘ be the Frobenius automorphism of ψ(F℘ ). Since ℘ splits com-
pletely in K(ψ[a]), σ℘ acts trivially on ψ[a], and so (ψ ⊗ F℘ )[a] ≤A Ker(π℘ − 1).
Recalling the structure of the torsion of ψ ⊗ F℘ , we deduce that ψ(F℘ ) contains an
isomorphic copy of (A/aA)r. By taking the Euler–Poincaré characteristic and invok-
ing Proposition 3.15(v), we infer the desired divisibility relation.

By combining Proposition 3.17 with the results of [He] providing a Drinfeld mod-
ule analogue of the Weil pairing for elliptic curves, we obtain the following theorem.

Theorem 3.18 (Properties of primes splitting completely in division fields) Let K
be a finite field extension of k and let ψ ∈ DrinA(K) be of generic characteristic and
rank r ≥ 2. Then there exists ψ1 ∈ DrinA(K), of generic characteristic and of rank 1,
uniquely determined up to K-isomorphism, such that:

(i) Pψ ⊆ Pψ1 ;
(ii) for any ℘ ∈ Pψ , the characteristic polynomials of ψ and ψ1 at ℘ are such that

Pψ,℘ (X) = Xr + ar−1,℘ (ψ)Xr−1 + · · · + a1(ψ, ℘ )X + u℘ (ψ)pm℘ ,

Pψ1,℘ (X) = X + (−1)r−1u℘ (ψ)pm℘ ,

where u℘ (ψ) ∈ F∗q ;
(iii) for any ℘ ∈ Pψ and any a ∈ A\Fq coprime to p, where ℘ ∩ A = pA, if ℘ splits

completely in K(ψ[a]), then

(a) ℘ also splits completely in K(ψ1[a]);
(b) ar|Pψ,℘ (1);
(c) a|Pψ1,℘ (1).
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Proof See [CoSh, Proposition 10].

4 The Chebotarev Density Theorem

Let K be a finite field extension of k and let K′/K be a finite Galois extension. In this
section, we recall an effective version of the Chebotarev Density Theorem for K′/K,
as proved in [MuSc].

Let gK′ and gK be the genera of K′ and K, respectively, and let cK′ denote the degree
of the constant field FK′ of K′ over FK , that is,

cK′ := [K′ ∩ FK : FK ].

Let

D :=
∑

℘ ramified in K′/K

degK ℘ .

Let x ∈ N and set

Π(x; K′/K) := #{℘ unramified in K′/K : degK ℘ = x}.

For C ⊆ Gal(K′/K) a conjugacy class, set

ΠC (x; K′/K) := #{℘ unramified in K′/K : degK ℘ = x, σ℘ = C},

where σ℘ is the Frobenius at ℘ in K′/K. Note that, in particular, Π1(x; K′/K) de-
notes the number of degree x primes of K that split completely in K′. Let aC ∈ N be
defined by the property that the restriction of C to FK′ is τ aC .

Theorem 4.1 ([MuSc, Theorem 1, p. 524]) We keep the above setting and notation.

(i) If x 6≡ aC (mod cK′), then ΠC (x; K′/K) = 0.
(ii) If x ≡ aC (mod cK′), then∣∣∣ΠC (x; K′/K)−cK′

|C|
|G|

Π(x; K′/K)
∣∣∣ ≤ 2gK′

|C|
|G|

q
cK x

2

x
+2(2gK +1)|C|q

cK x
2

x
+
(

1+
|C|
x

)
D.

Our main application of Theorem 4.1 is when K′ is a division field of a generic
Drinfeld module ψ ∈ DrinA(K) and C = {1}. We record a restatement of this
theorem in our desired setting.

Theorem 4.2 Let K be a finite field extension of k and let ψ ∈ DrinA(K) be of generic
characteristic. Let a ∈ A\Fq. Let x ∈ N and define

(4.1) ca(x) :=

{
ca if ca|x,

0 else,

where ca denotes the degree of the constant field extension of K(ψ[a]) over FK (see (3.1)).
Then

Π1(x; K(ψ[a])/K) =
ca(x)

[K(ψ[a]) :K]
· qcK x

x
+ Oψ,K

( q
cK x

2

x
deg a

)
.
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Proof Using the effective Prime Number Theorem for K (see (1.5)) and Theorem
4.1 with K′ = K(ψ[a]), C = {1}, and hence with aC = 0, we obtain

Π1(x; K(ψ[a])/K) =
ca(x)

[K(ψ[a]) : K]
· qcK x

x

+ O

((
2ga ·

1

[K(ψ[a]) :K]
+ 2(2gK + 1)

)
· q

cK x
2

x
+
(

1 +
1

x

)
D

)
,

where

D :=
∑

℘∈Pψ

℘ ramified in K(ψ[a])/K

degK ℘ .

By Theorem 3.6, D�K deg a. Combining this with Proposition 3.9, we obtain(
2ga ·

1

[K(ψ[a]) :K]
+ 2(2gK + 1)

)
· q

cK x
2

x
+
(

1 +
1

x

)
D

�K
G(ψ,K) · [K(ψ[a]) :K] · deg a

[K(ψ[a]) :K]
· q

cK x
2

x
+

x + 1

x
· deg a

�K G(ψ,K) · q
cK x

2

x
· deg a.

5 Proofs of Theorems 1.1 and 1.2

Let K/k be a finite field extension and let ψ : A → K{τ} be a generic Drinfeld
A-module over K, of rank r ≥ 2. Let d ∈ A(1). For a fixed x ∈ N, let

D(ψ, x) := #{℘ ∈ Pψ : degK ℘ = x, d1,℘ (ψ) = d}.

Our first goal is to derive an asymptotic formula for this function, as x→∞.
We start by noting that, for any prime ℘ ∈ Pψ such that gcd(d, p) = 1 (where,

as usual, ℘ ∩ A = pA), we have d = d1,℘ (ψ) if and only if ψ(F℘ ) ≥A (A/dA)r

and ψ(F℘ ) 6≥A (A/`dA)r for all primes ` ∈ A(1). Hence, by the inclusion-exclusion
principle and by Proposition 3.16,

(5.1) D(ψ, x) =
∑

m∈A(1)

deg m≤ cK x
r

µA(m)Π1

(
x; K(ψ[md])/K

)
,

where, for square-free m, the field extension K(ψ[md])/K is obtained via field com-
position ∏̀

|m
` prime

K(ψ[`d]) = K
(
ψ[lcm(`d :`|m)]

)
= K(ψ[md]),

and where, we recall,

Π1(x; K(ψ[md])/K) :=

#
{
℘ ∈ Pψ : degK ℘ = x, ℘ splits completely in K(ψ[md])/K

}
.
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The range of deg m in the summation on the right-hand side of (5.1) is derived
from the condition that if ℘ splits completely in K(ψ[md]), then

(A/mdA)r ≤A ψ(F℘ ).

This gives the divisibility relation mrdr |χ(ψ(F℘ )) obtained by taking Euler–Poincaré
characteristic on both sides. Indeed, since |χ(ψ(F℘ ))|∞ = |℘ |∞ = qcK x, the above
gives

(5.2) deg m ≤ cK x

r
.

The obvious tool in estimating D(ψ, x) is the effective Chebotarev Density Theo-
rem (Theorem 4.2). However, for r = 2, this is insufficient. As such, we split the sum
into two parts, apply Theorem 4.2 to the first, and find a different approach for the
second. To be precise, we write

(5.3) D(ψ, x) = D1(ψ, x, y) + D2(ψ, x, y)

for some positive real number y = y(x), to be chosen optimally later, where

D1(ψ, x, y) :=
∑

m∈A(1)

deg m≤y

µA(m)Π1

(
x; K(ψ[md])/K

)
,

D2(ψ, x, y) :=
∑

m∈A(1)

y<deg m≤ cK x
r

µA(m)Π1

(
x; K(ψ[md])/K

)
.

By applying Theorem 4.2 and Lemma 2.1, we obtain

D1(ψ, x, y) =
qcK x

x

∑
m∈A(1)

deg m≤y

µA(m)cmd(x)

[K(ψ[md]) :K]
+ Oψ,K,d

( q
cK x

2 +y y

x

)
.

Now let γ := rankA EndK (ψ). By Proposition 3.8, Theorem 3.14, and Lemma 2.2
(for which we are also using that γ ≤ r), we obtain

(5.4)
∑

m∈A(1)

deg m>y

µA(m)cmd(x)

[K(ψ[md]) :K]
�ψ,K,d

∑
m∈A(1)

deg m>y

log deg(md) + log log q

q
r2 deg(md)

γ

� log y

q( r2
γ −1)y

.

Thus,

(5.5) D1(ψ, x, y) =
qcK x

x

∑
m∈A(1)

µA(m)cmd(x)

[K(ψ[md]) :K]
+ Oψ,K,d

( q
cK x

2 +y y

x

)
+ Oψ,K

(
qcK x−( r2

γ −1)y log y
)
.

Observe that by choosing y := 1
r cK x, if r ≥ 4, then the above estimate already proves

the first part of the theorem. The following discussion thus pertains to the case r ≤ 3.
To estimate D2(ψ, x, y) from above, we make use of van der Heiden’s construction

of the analogue of the Weil pairing for ψ, as well as of the average over m. More
precisely, we appeal to Theorem 3.18 and rely on the properties of the rank 1 Drinfeld
A-module ψ1 ∈ DrinA(K) associated with ψ, as follows.
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By Theorem 3.18(iii), if ℘ splits completely in K(ψ[md])/K, then ℘ splits com-
pletely in K(ψ1[md])/K. Using the characteristic polynomials at ℘ associated with
ψ and ψ1, by Theorem 3.18(ii), this implies that

mrdr | 1 + a℘ (ψ) + u℘ (ψ)pm℘ and md | 1 + (−1)r−1u℘ (ψ)pm℘ ,

where, we recall,

P℘ ,ψ(X) = Xr + ar−1,℘ (ψ)Xr−1 + · · · + a1,℘ (ψ)X + u℘ (ψ)pm℘ ∈ A[X]

with u℘ (ψ) ∈ F∗q , and where we define

a℘ (ψ) := ar−1,℘ (ψ) + · · · + a1,℘ (ψ).

By Theorem 3.15(iv), we obtain that

deg a℘ (ψ) ≤ (r − 1)cK degK ℘

r
.

Therefore,∣∣D2(ψ, x, y)
∣∣ ≤ ∑

m∈A(1)

y<deg m≤ cK x
r

∑
u∈F∗q

∑
a∈A

deg a≤ (r−1)cK x
r

∑
℘∈Pψ

degK ℘=x
a℘ (ψ)=a,u℘ (ψ)=u

mrdr|1+a℘ (ψ)+u℘ (ψ)pm℘

md|1+(−1)r−1u℘ (ψ)pm℘

1.

To simplify notation, for each a ∈ A let us define

ã :=

{
2 + a if r even,

a if r odd.

Thus ∣∣D2(ψ, x, y)
∣∣ ≤ ∑

m∈A(1)

y<deg m≤ cK x
r

∑
u∈F∗q

∑
a∈A

deg a≤ (r−1)cK x
r

md|ã

∑
℘∈Pψ

degK ℘=x
mrdr|1+a+upm℘

1.

We now consider the innermost sum above. Using diagram (2.1), we see that

deg pm℘ = m℘ deg p = cK degK ℘ = cK x.

We also see that, by Lemma 2.1(i), for fixed a ∈ A and u ∈ F∗q , there exist at most

qcK x−r deg m+1 primes p ∈ A of degree cK x
m℘

such that mr|1 + a + upm℘ . Indeed, this

reduces to counting polynomials in A of degree deg(1 + a + upm℘ ) − r deg m =
cK x − r deg m. But there are at most [K :k] primes in K lying above a fixed prime
p ∈ A. Therefore, ∑

℘∈Pψ

degK ℘=x
mr|1+a+upm℘

1�K qcK x−r deg m+1 � qcK x−r deg m.
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Continuing, we deduce that

D2(ψ, x, y)�K,d

∑
m∈A(1)

y<deg m≤ cK x
r

∑
u∈F∗q

∑
a∈A

deg a≤ (r−1)cK x
r

m|ã

qcK x−r deg m

= qcK x
∑

m∈A(1)

y<deg m≤ cK x
r

q−r deg m
∑
u∈F∗q

∑
a∈A

deg a≤ (r−1)cK x
r

ã6=0
m|ã

1

+ qcK x
∑

m∈A(1)

y<deg m≤ cK x
r

q−r deg m
∑
u∈F∗q

∑
a∈A

deg a≤ (r−1)cK x
r

ã=0

1

=: D2,1(ψ, x, y) + D2,2(ψ, x, y).

We will estimate these two sums from above using Lemmas 2.1 and 2.2, where, for
the latter, we will be implicitly also using that γ ≤ r.

To estimate D2,1(ψ, x, y) from above, we note that

D2,1(ψ, x, y) ≤ qcK x+1
∑

m∈A(1)

y<deg m≤ cK x
r

q−r deg m
∑
α∈A

deg α≤ (r−1)cK x
r −deg m

1,

which, by Lemmas 2.1(i) and 2.2(i), is

� qcK x+1
∑

m∈A(1)

y<deg m≤ cK x
r

q−r deg mq
(r−1)cK x

r −deg m � q
(2r−1)cK x

r −ry .

To estimate D2,2(ψ, x, y) from above, we note that its innermost sum has only one
term, hence, by Lemma 2.2(i),

D2,2(ψ, x, y)� qcK x−(r−1)y .

Combining these estimates, we obtain that

D2(ψ, x, y)�K,d q
(2r−1)cK x

r −ry + qcK x−(r−1)y .

Plugging this back into (5.3) and appealing to (5.5), we deduce that

(5.6) D(ψ, x) =
qcK x

x

∑
m∈A(1)

µA(m)cmd(x)

[K(ψ[md]) :K]
+ Oψ,K,d

( q
cK x

2 +y y

x

)
+ Oψ,K

(
qcK x−( r2

γ −1)y log y
)

+ OK,d

(
q

(2r−1)cK x
r −ry + qcK x−(r−1)y

)
.

Finally, we choose y as follows:

y :=

{
3r−2

2r(r+1) cK x if r = 2, 3,
1
r cK x if r ≥ 4.
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We plug this into (5.6) if r = 2, 3, and into (5.5) if r ≥ 4 (note that in this case
D(ψ, x) = D1(ψ, x, y)), obtaining the effective asymptotic formulae

(5.7) D(ψ, x) =
qcK x

x

∑
m∈A(1)

µA(m)cmd(x)

[K(ψ[md]) :K]
+


Oψ,K,d(q

5cK x
6 ) if r = 2,

Oψ,K,d(q
19cK x

24 ) if r = 3,

Oψ,K,d(q
(r+2)cK x

2r ) if r ≥ 4.

This completes the first part of Theorem 1.1.

Remark 5.1 (i) Formula (5.7) is stronger than the asymptotic formula (1.6)
stated in Theorem 1.1, as it provides us with explicit error terms. Moreover, these
error terms carry significant savings in powers of qcK x.

(ii) For r ≥ 4, the splitting of D(ψ, x) into two parts, as in (5.3), is unneces-
sary. The proof of Theorem 1.1 in this case is solely an application of the effective
Chebotarev Density Theorem for the division fields of ψ.

(iii) For r = 3, the splitting of D(ψ, x) into two parts, as in (5.3), is also unneces-
sary in order to obtain the asymptotic formula (1.6). In our proof, we do so in order

to obtain a saving in the final error term: Oψ,K,d(q
19cK x

24 ) using (5.3) and the approach

therein for estimating D2(ψ, x, y), versus Oψ,K,d(q
5cK x

6 ) using only the effective Cheb-
otarev Density Theorem (and the choice y := 1

3 cK x).
(iv) The error terms in (5.7) may be improved with additional techniques. For

example, for the case q odd, r = 2, γ = 2, and K = k, in [CoSh] we proved the
formula

D(ψ, x) =
qx

x

∑
m∈A(1)

µA(m)cmd(x)

[k(ψ[md]) :k]
+ Oψ,k,d(q

3x
4 ).

Our second goal is to prove that the Dirichlet density of the set{
℘ ∈ Pψ : d1,℘ (ψ) = d

}
exists and equals

∑
m∈A(1)

µA(m)
[K(ψ[md]) : K] . For this, let s > 1 and consider the sum∑

℘∈Pψ

d1,℘ (ψ)=d

q−scK degK ℘(5.8)

=
∑
x≥1

q−scK xD(ψ, x)

=
∑

m∈A(1)

µA(m)

[K(ψ[md]) :K]

∑
x≥1

q(1−s)cK xcmd(x)

x
+ Oψ,K

(∑
x≥1

q(θ(r)−s)cK x
)
,

where we used (5.7) with

θ(r) :=


5
6 if r = 2,
19
24 if r = 3,
r+2
2r if r ≥ 4.

By the definition (4.1) of cmd(x), (5.8) becomes

=
∑

m∈A(1)

µA(m)

[K(ψ[md]) :K]

∑
j≥1

q(1−s)cK cmd j

j
+ Oψ,K

(∑
x≥1

q(θ(r)−s)cK x
)
.
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Since s > 1, this can be written as

= −
∑

m∈A(1)

µA(m)

[K(ψ[md]) :K]
log
(

1− q(1−s)cK cmd
)

+ Oψ,K

( q(θ(r)−s)cK

1− q(θ(r)−s)cK

)
.

We now calculate

lim
s→1+

∑
℘∈Pψ

d1,℘ (ψ)=d

q−scK degK ℘

− log(1− q(1−s)cK )

= lim
s→1+

[ ∑
m∈A(1)

µA(m)

[K(ψ[md]) :K]

log(1− q(1−s)cK cmd )

log(1− q(1−s)cK )

+ Oψ,K

( q(θ(r)−s)cK

(1− q(θ(r)−s)cK ) log(1− q(1−s)cK )

)]
=

∑
m∈A(1)

µA(m)

[K(ψ[md]) :K]
,

obtained after an application of l’Hospital and elementary manipulations. This com-
pletes the proof of Theorem 1.1.

The proof of Theorem 1.2 proceeds in the same way as that of the first part of
Theorem 1.1, after replacing with 1 the factor µA(m) appearing in (5.1), and, hence-
forth, in D1(ψ, x, y) and D2(ψ, x, y) of (5.3). In particular, this approach leads to the
asymptotic formulae∑

m∈A(1)

Π1(x,K(ψ[m])/K)(5.9)

=
∑

m∈A(1)

deg m≤ cK x
r

Π1(x,K(ψ[m])/K)

=
qcK x

x

∑
m∈A(1)

deg m≤ cK x
r

cm(x)

[K(ψ[m]) :K]
+


Oψ,K (q

5cK x
6 ) if r = 2,

Oψ,K (q
19cK x

24 ) if r = 3,

Oψ,K (q
(r+2)cK x

2r ) if r ≥ 4

=
qcK x

x

∑
m∈A(1)

cm(x)

[K(ψ[m]) :K]
+


Oψ,K (q

5cK x
6 ) if r = 2,

Oψ,K (q
19cK x

24 ) if r = 3,

Oψ,K (q
(r+2)cK x

2r ) if r ≥ 4.

6 Proof of Theorem 1.3

Let K/k be a finite field extension and let ψ : A → K{τ} be a generic Drinfeld
A-module over K, of rank 2. Let γ := rankA EndK (ψ).

(i) Let f : (0,∞)→ (0,∞) be such that limx→∞ f (x) =∞. For a fixed x ∈ N, let

E(ψ, x) = E f (ψ, x) := #
{
℘ ∈ Pψ : degK ℘ = x, |d2,℘ (ψ)|∞ >

|℘ |∞
qcK f (x)

}
,

e(ψ, x) = e f (ψ, x) := #
{
℘ ∈ Pψ : degK ℘ = x, |d2,℘ (ψ)|∞ <

|℘ |∞
qcK f (x)

}
.
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Our goal is to derive an asymptotic formula for E(ψ, x), as x → ∞. More precisely,
our goal is to show that E(ψ, x) ∼ πK (x), which is equivalent to showing that

e(ψ, x) = o
(
πK (x)

)
.

Note that, without loss of generality, we may assume that f (x) < x
2 for all x.

Indeed, if f1, f2 : (0,∞) → (0,∞) satisfy f2 ≤ f1 and limx→∞ f2(x) = ∞, then
E f2 (ψ, x) ≤ E f1 (ψ, x) ≤ πK (x). Thus, for the purpose of proving Theorem 1.3(i), we
may replace f (x) by min

{
f (x), x

2 − 1
}

.
We start with the partition

e(ψ, x) =
∑

d∈A(1)

∑
℘∈Pψ

degK ℘=x
d1,℘ (ψ)=d

|d2,℘ (ψ)|∞< |℘ |∞
qcK f (x)

1,

and remark that, as in the deduction of (5.1) in the proof of Theorem 1.1, the con-
dition d = d1,℘ (ψ) imposes the restriction deg d ≤ cK x

2 . Moreover, the conditions

d1,℘ (ψ) = d and |d2,℘ (ψ)|∞ < |℘ |∞
qcK f (x) , coupled with the remark

(6.1) |℘ |∞ = |χ(ψ(F℘ ))|∞ = |d1,℘ (ψ)|∞|d2,℘ (ψ)|∞,
impose the restriction cK f (x) < deg d. Thus,

e(ψ, x) ≤
∑

d∈A(1)

cK f (x)<deg d≤ cK x
2

#{℘ ∈ Pψ : degK ℘ = x, d|d1,℘ (ψ)}

=
∑

d∈A(1)

cK f (x)<deg d≤ cK x
2

Π1(x,K(ψ[d])/K),

by also using Proposition 3.16. Using version (5.9) of Theorem 1.2 for the range
deg d ≤ cK x

2 and Theorem 4.2 for the range deg d ≤ cK f (x), the above is

(6.2) =
qcK x

x

∑
d∈A(1)

cK f (x)<deg d≤ cK x
2

cd(x)

[K(ψ[d]) :K]
+Oψ,K

(
q

5cK x
6

)
+Oψ,K

( q
cK x

2 +cK f (x) f (x)

x

)
.

Reasoning as for (5.4) in the proof of Theorem 1.1 and using that now γ ≤ 2, the
first term becomes

�ψ,K qcK (x−( 4
γ−1) f (x)) log f (x)

x
.

Since limx→∞ f (x) =∞ and f (x) < x
2 , we deduce that e(ψ, x) = o(πK (x)).

Remark 6.1 The same proof can be carried through in the case r = 3, leading to a
weaker result. For r ≥ 4, however, one requires a more careful analysis, which should
also take into consideration the behaviour of the intermediate elementary divisors.

Reasoning as at the beginning of the proof, without loss of generality we may
assume that there is 0 < θ < 1 such that f (x) ≤ θx

2 for all x. We now show that the

Dirichlet density of the set {℘ ∈ Pψ : |d2,℘ |∞ < |℘ |∞
qcK f (degK ℘ ) } equals 0.
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Let s > 1 and consider the sum∑
℘∈Pψ

|d2,℘ (ψ)|∞< |℘ |∞
qcK f (degK ℘ )

q−scK degK ℘(6.3)

=
∑
x≥1

q−scK xe(ψ, x )

�
∑
x≥1

q(1−s)cK x

x

∑
d∈A(1)

cK f (x)<deg d≤ cK x
2

cd(x)

[K(ψ[d]) : K]
+
∑
x≥1

q( 5
6−s)cK x

+
∑
x≥1

q( 1
2−s)cK x+cK f (x) f (x)

x

=: T1 + T2 + T3;

here we have also used the prior estimate (6.2).
First we focus on T1. By the definition of cd(x), we obtain

T1 :=
∑
x≥1

q(1−s)cK x

x

∑
d∈A(1)

cK f (x)<deg d≤ cK x
2

cd(x)

[K(ψ[d]) :K]
(6.4)

=
∑

d∈A(1)

∑
j≥1

cK f (cd j)<deg d≤ cK cd j
2

q(1−s)cK cd j

j[K(ψ[d]) :K]
.

Let M > 0. Since limx→∞ f (x) =∞, there exists n(M) ∈ N such that f (n) > M
for all n ≥ n(M). We split the inner sum in (6.4) according to whether cd j ≥ n(M)
and cd j < n(M), and consider each of the two emerging sums.

By the above and Theorem 3.14, we have

T1,1 :=
∑

d∈A(1)

∑
j≥1

cd j≥n(M)

cK f (cd j)<deg d≤ cK cd j
2

q(1−s)cK cd j

j[K(ψ[d]) :K]

≤
∑

d∈A(1)

∑
j≥1

cK M<deg d≤ cK cd j
2

q(1−s)cK cd j

j[K(ψ[d]) : K]

�ψ,K

∑
d∈A(1)

cK M<deg d

log deg d

|d|
4
γ
∞

∑
j≥1

q(1−s)cK cd j

j

≤
∑

d∈A(1)

cK M<deg d

log deg d

|d|
4
γ
∞

∑
j≥1

q(1−s)cK j

j
.
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Since s > 1, the latter becomes

= −
∑

d∈A(1)

cK M<deg d

log deg d

|d|
4
γ
∞

log
(

1− q(1−s)cK
)
.

By Lemma 2.2, this is

� log(cK M)

q

(
4
γ−1

)
cK M

log q

∣∣log
(
1− q(1−s)cK

)∣∣ ,
which gives that

(6.5) lim
s→1+

T1,1

− log
(
1− q(1−s)cK

) � log(cK M)

q

(
4
γ−1

)
cK M

log q
.

We also have

T1,2 :=
∑

d∈A(1)

∑
j≥1

cd j<n(M)

cK f (cd j)<deg d≤ cK cd j
2

q(1−s)cK cd j

j[K(ψ[d]) :K]
,

a finite sum. Since

lim
s→1+

q(1−s)cKα

log(1− q(1−s)cK )
= 0

for any α ∈ N, we deduce that

(6.6) lim
s→1+

T1,2

− log(1− q(1−s)cK )
= 0.

By taking M →∞ and by using (6.5) and (6.6), we obtain that

(6.7) lim
s→1+

T1

− log(1− q(1−s)cK )
= 0.

We now focus on T2 and note that

(6.8) lim
s→1+

T2

− log(1− q(1−s)cK )
= − lim

s→1+

q( 5
6−s)cK

(1− q( 5
6−s)cK ) log(1− q(1−s)cK )

= 0.

It remains to focus on T3. Recalling that now we are assuming that there exists
0 < θ < 1 such that f (x) ≤ θx

2 ∀x, we see that

lim
s→1+

T3

− log(1− q(1−s)cK )
= − lim

s→1+

∑
x≥1

q( 1
2
−s)cK x+cK f (x) f (x)

x

log(1− q(1−s)cK )

�
∣∣∣ lim

s→1+

∑
x≥1 q( 1

2 + θ
2−s)cK x

log(1− q(1−s)cK )

∣∣∣
=
∣∣∣ lim

s→1+

q( 1
2 + θ

2−s)cK (1− q( 1
2 + θ

2−s)cK )−1

log(1− q(1−s)cK )

∣∣∣ = 0.

(6.9)
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By combining (6.3) with (6.7)–(6.9), we obtain

lim
s→1+

∑
℘∈Pψ

|d2,℘ (ψ)|∞< |℘ |∞
qcK f (degK ℘ )

q−scK degK ℘
/
− log(1− q(1−s)cK ) = 0.

This completes the proof of the first part of Theorem 1.3.
(ii) In what follows, we investigate the average of |d2,℘ (ψ)|∞ as ℘ ∈ Pψ varies

over primes with degK ℘ = x. By using (6.1) and Lemma 2.4, and by partitioning
the primes ℘ according to the divisors of d1,℘ (ψ), we obtain

A(ψ, x) :=
1

qcK x

∑
℘∈Pψ

degK ℘=x

|d2,℘ (ψ)|∞ =
1

qcK x

∑
℘∈Pψ

degK ℘=x

|℘ |∞
|d1,℘ (ψ)|∞

=
∑
℘∈Pψ

degK ℘=x

1

|d1,℘ (ψ)|∞
=

1

(q− 1)2

∑
℘∈Pψ

degK ℘=x

∑
a,b∈A

ab|d1,℘ (ψ)

µA(a)

|b|∞

=
∑
℘∈Pψ

degK ℘=x

∑
a,b∈A(1)

ab|d1,℘ (ψ)

µA(a)

|b|∞
=
∑

m∈A(1)

∑
℘∈Pψ

degK ℘=x
m|d1,℘ (ψ)

∑
a,b∈A(1)

ab|d1,℘ (ψ)

µA(a)

|b|∞

=
∑

m∈A(1)

deg m≤ cK x
2

∑
a,b∈A(1)

ab=m

µA(a)

|b|∞
Π1(x,K(ψ[m])/K),

where in the last line we used Proposition 3.16 and the same derivation as (5.2) for
the length of the sum over m.

Now we proceed similarly to the study of D(ψ, x) in the proof of Theorem 1.1.
Specifically, we let y := cK x

3 and write

A(ψ, x) =
∑

m∈A(1)

deg m≤y

∑
a,b∈A(1)

ab=m

µA(a)

|b|∞
Π1

(
x,K(ψ[m])/K

)

+
∑

m∈A(1)

y<deg m≤ cK x
2

∑
a,b∈A(1)

ab=m

µA(a)

|b|∞
Π1

(
x,K(ψ[m])/K

)
=: A1(ψ, x, y) + A2(ψ, x, y).

By Theorem 4.2,

A1(ψ, x, y) =
qcK x

x

∑
m∈A(1)

deg m≤y

cm(x)

[K(ψ[m]) :K]

∑
a,b∈A(1)

ab=m

µA(a)

|b|∞

+ Oψ,K

(
q

cK x
2

x

∑
m∈A(1)

deg m≤y

deg m
∑

a,b∈A(1)

a squarefree
ab=m

1

|b|∞

)
.
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By Lemma 2.5 and the observation that

(6.10)
φA(rad(m))

|m|∞
≤ 1,

the sum in the O-term of A1(ψ, x, y) becomes

�
∑

m∈A(1)

deg m≤y

φA(rad(m))

|m|∞
deg m� qy y,

upon also using Lemma 2.1(ii). Thus, recalling our choice of y, we obtain that

A1(ψ, x, y) =
qcK x

x

∑
m∈A(1)

deg m≤ cK x
3

cm(x)

[K(ψ[m]) :K]

∑
a,b∈A(1)

ab=m

µA(a)

|b|∞
+ Oψ,K

(
q

5cK x
6
)
.

To extend the range of deg m in the above sum over m, we use Proposition 3.8,
Theorem 3.14, Lemma 2.5, (6.10), and Lemma 2.2(ii). We obtain

qcK x

x

∣∣∣∣ ∑
m∈A(1)

deg m>y

cm(x)

[K(ψ[m]) :K]

∑
a,b∈A(1)

ab=m

µA(a)

|b|∞

∣∣∣∣
�ψ

qcK x

x

∑
m∈A(1)

deg m>y

1

[K(ψ[m]) :K]

∑
a,b∈A(1)

a squarefree
ab=m

1

|b|∞

�ψ
qcK x

x

∑
m∈A(1)

deg m>y

log deg m

|m|
4
γ
∞

· φA(rad(m))

|m|∞
�ψ

qcK x−( 4
γ−1)y log y

xy
,

using once again that γ ≤ 2. Recalling that y = cK x
3 , we deduce that

A1(ψ, x, y) =
qcK x

x

∑
m∈A(1)

cm(x)

[K(ψ[m]) :K]

∑
a,b∈A(1)

ab=m

µA(a)

|b|∞
+ Oψ,K

(
q

5cK x
6
)
.

We now turn to A2(ψ, x, y). By Lemma 2.5 and (6.10), we have

|A2(ψ, x, y)| ≤
∑

m∈A(1)

y<deg m≤ cK x
2

∑
a,b∈A(1)

a squarefree
ab=m

1

|b|∞
Π1(x,K(ψ[m])/K)

≤
∑

m∈A(1)

y<deg m≤ cK x
2

Π1(x,K(ψ[m])/K).

This is estimated exactly as |D2(ψ, x, y)| in the proof of Theorem 1.1, giving the

upper bound Oψ,K (q
5cK x

6 ) (with y = cK x
3 ).
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Putting everything together, we deduce that

(6.11) A(ψ, x) =
qcK x

x

∑
m∈A(1)

cm(x)

[K(ψ[m]) :K]

∑
a,b∈A(1)

ab=m

µA(a)

|b|∞
+ Oψ,K

(
q

5cK x
6
)
,

completing the proof of Theorem 1.3(ii).

Remark 6.2 As with Theorem 1.1, (6.11) is stronger than the asymptotic formula
stated in Theorem 1.3(ii), as it provides us with explicit error terms. Moreover, when
q is odd, r = 2, γ = 2, and K = k, the methods of [CoSh] lead to the improved
formula

1

qx

∑
℘∈Pψ

deg ℘=x

|d2,℘ (ψ)|∞ =
qx

x

∑
d∈A(1)

cd(x)

[k(ψ[d]) : k]

∑
m,n∈A(1)

mn=d

µA(m)

|n|∞
+ Oψ,k

(
q

3x
4
)
.

7 Concluding Remarks

Remark 7.1 Along with investigating the Drinfeld module analogues of (1.1) and
(1.3), it is also natural to consider their analogues in the context of an elliptic curve E
over a global function field. This is precisely the content of [CoTo]. For clarity, one of
the results Cojocaru and Tóth prove is that, given an elliptic curve E over K := Fq(T)
with j(E) 6∈ Fq, then, provided char Fq ≥ 5, for any x ∈ N such that x →∞ and for
any ε > 0, we have

(7.1) #{p prime of good reduction for E : deg(p) = x, Ep(Fp) cyclic} =∑
m≥1

(m,char Fq)=1
m|qx−1

µ(m)cm

[K(E[m]) :K]
· qx

x
+ OE,ε

( qx( 1
2 +ε)

x

)
,

where µ( · ) is the Möbius function on Z, K(E[m]) is the m-th division field of E, and
cm is the multiplicative order of q modulo m. The formula is unconditional. Un-
usually, it is a direct consequence of the effective Chebotarev Density Theorem for
function fields, no extra sieving being required. This special simplification occurs
thanks to the inclusion KFqcm ⊆ K(E[m]), and hence to the resulting strong restric-
tion m|qx − 1 in the sum over m.

Remark 7.2 It is natural to ask what the best error terms in the asymptotic (5.7)
leading to Theorem 1.1 might be. For r ≥ 4, our methods give rise to a dominant
error term Oψ,K,d(q(r+2)cK x/2r), which, as r → ∞, is of the same order of magnitude
as the one in (7.1) and as the best error term with respect to x in the standard Cheb-
otarev Density Theorem 4.2 applied to one (or finitely many) field(s). When r = 2,
we obtain Oψ,K,d(q

5
6 cK x). Moreover, by making better use of the properties of Drinfeld

modules with a non-trivial endomorphism ring, in [CoSh] we succeed in lowering
this error term to Oψ,K,d(q

3
4 x) if ψ ∈ DrinA(k) has rank 2 and is such that Endk(ψ)

is a maximal A-order in a field extension of k of degree 2 (and provided q is odd). It
remains to investigate the true order of magnitude of the error term for such small r.
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Remark 7.3 It is also natural to investigate the positivity of the densities δψ,K (d)
in Theorem 1.1. The methods required for such a study are of a completely different
nature than the ones used in this paper and, as such, this study is to be addressed
separately. Nevertheless, we can already exhibit Drinfeld modules for which some of
these densities are positive. For example, as a consequence of [CoPa, Theorem 5(b)],
if q is odd, then any rank 2 Drinfeld module ψ ∈ DrinA(k) with Endk(ψ) isomorphic
to the maximal order of an imaginary quadratic extension of k satisfies δψ,k(1) ≥ 1

2 .
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