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Abstract. In this paper we study the Tate-Shafarevich groups III,, of the reductions modulo
primes p of an elliptic curve E/Q considered as being defined over their function fields. Assum-
ing GRH when E has no CM, we show that III,, is trivial for a positive proportion of primes p,
provided E has an irrational point of order two.

1. Introduction

Let E be an elliptic curve defined over Q and of conductor N. For a prime p { N,
the reduction of £ modulo p is an elliptic curve E, defined over the finite field
k with p elements. There is great interest in the behavior of these reductions as
p varies. The most basic questions concern the size of E,(k), the finite abelian
group of k rational points of E,. Define a, as usual by

E,()l=p+1—a, €]

where, for a set S, we write | S| or #S for its cardinality. The Riemann hypothesis
for E,, proven by Hasse, states that

|ap| = 2«/5

(see [Si, pp. 131-132] for a proof). Still unproven are the Sato-Tate conjecture
[Tal] in the case of a curve without complex multiplication (CM) counting primes
p where a,/,/p lies in a given subinterval of (-2, 2) and the Lang-Trotter con-
jecture [LTr] counting primes p with a given value of a,. The most important
result known about the latter question is that of Elkies [El] giving infinitely many
p with a, = 0 (supersingular E ).
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Also of interest is the structure of E (k) as an abelian group, in particular its
cyclicity. It is easy to see that £, (k) may be cyclic only if E has an irrational point
of order two, that is, a point of order two not in E (Q). Assuming this and the gen-
eralized Riemann hypothesis (GRH) for Dedekind zeta functions, Serre [Se2] (see
[Mu] for the proof) showed that £, (k) is cyclic for a positive proportion of primes:

#{p <x: p{N and E, (k) is cyclic} ~ cg 7 (x)

as x — 0o, where cg is a positive constant depending only on E and m(x) is
the number of primes < x. His method is analogous to Hooley’s [Ho] conditional
proof of Artin’s primitive root conjecture. Without assuming GRH, R. Murty [Mu]
showed this holds for CM elliptic curves. In general, R. Gupta and R. Murty [GM]
showed that there are infinitely many, in fact 3> x / log® x, such primes. For recent
work on this problem see [Co] and [CM].

A new aspect emerges when one considers the reduced curve E, as being
defined over its function field. If K = K (E) is the function field of E,/k, then
E, naturally defines a constant elliptic curve over K. The resulting elliptic curve
has a number of nice features. As will be reviewed in §2, the group E, (k) may be
identified with the torsion points E, (K ), of the finitely generated Mordell-Weil
group E,(K) and the k-endomorphisms of E, may be identified with the Mor-
dell-Weil lattice E,(K)/E,(K)r- In view of these features, one is naturally led
to consider the Tate-Shafarevich group of £, /K.

To define this, let us first recall that a principal homogeneous space over E/ F,
where for now E is any elliptic curve over an arbitrary field F, is a smooth curve
C/ F together with a simply transitive algebraic group action of £ on C defined
over F. The isomorphism classes of principal homogeneous spaces for E/F form
an abelian group, the Weil-Chatelet group WC (E/F), whose identity class con-
sists of those homogeneous spaces whose curves have an F-rational point. The
group operation comes from a natural identification of WC(E / F) with the coho-
mology group H'(G, E), where G = Gal(F/F) with F the separable closure of
F . For details see [LTa] or [Si], except note that in [Si] F is assumed to be perfect.

Since K is a global field we may define the Tate-Shafarevich group

M, = I(E,/K)

to be those elements of WC(E,/K) which, for all primes v of K, are in the kernel
of the canonical map

WC(E,/K) — WC(E,/K,),

where K, is the completion of K at the prime v. We call 111, the Tate-Shafarevich
group of E, and are interested in its behavior as p varies over primes of good
reduction for E.

' As with , to ease the notation we will suppress the dependence of K on p.
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It is known that [III,| is finite, hence a square. In fact, there is an explicit
formula for it coming from the Hasse-Weil L-function for E,/K, since the
Birch/Swinnerton-Dyer conjecture is a theorem in this case due to Milne [Mi].
This formula allows us to detect when [III,| is divisible by a fixed square. More
precisely, there is a Galois extension J,, of Q so that n? divides |III p|if and only if
p splitsin J, and p ¢ n. This field is closely related to the modular curve X (n).
An application of the Chebotarev theorem (see Proposition 4.2 below) yields the
following result which implies, in particular, that [III,| may be arbitrarily large.

Theorem 1. The group 111, contains elements of any fixed prime order £ for a
positive proportion of primes p.

Our principal interest in this paper is to count primes for which III, is trivial.
This happens if and only if for any principal homogeneous space over £, /K the
curve C has a point over K if it does over K, for all v. Our main result shows
when this local-global principle holds for many reductions.

Theorem 2. Suppose that E has an irrational point of order two. If E does not
have CM assume GRH. Then 111, is trivial for a positive proportion of primes p.

Actually, we will give an asymptotic formula in Proposition 5.3 for the number
of such primes with a power savings in the remainder term, at least under GRH.
Furthermore, since E, (k) will be seen to be cyclic whenever 111, is trivial, the
first assumption of Theorem 2 is necessary and its conclusion may be viewed as
a refinement of the existence aspect of Serre’s result about cyclicity of E, (k).

Theorem 2 is proven using a variant of Serre’s sieve method. The strong unifor-
mity needed in the non-CM case requires the use of GRH. A serious new difficulty
is caused by the fact that the field J,, does not contain the full nth cyclotomic field.
Thus the Brun-Titchmarsh theorem, which is used in Serre’s argument to estimate
the terms with large n, must be replaced. This is possible and essential use is made
of the fact that |III, | is a square. This allows us to employ a second sieving device,
a “square sieve”, to estimate the remainder term.

2. Hasse-Weil L-functions for reductions

In this section we will give an explicit formula for |III,|. This follows from the
conjecture of Birch and Swinnerton-Dyer for constant elliptic curves over func-
tion fields and in particular the analogue of the class number formula given below
in (5). Then we give some upper bounds for |III,,| which follow from this formula.

For now let k be a finite field with ¢ = p” elements and suppose K is an
algebraic function field over k in one variable with genus g and associated curve
X. Given aprime v of K let k, be the residue class field, which is a finite extension
of k with g, elements. The zeta function of K is
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cx(s) =[Ja-gH7"

where v runs over all the primes of K. After Weil [We], this is known to be a
rational function of the form

[T, (1 — aig™)
(1—g=)A —q'=)’
where oo =g, fori =1,...,¢g.

Let A be an elliptic curve defined over K . For a prime v of K of good reduction,
the number of points on A(k,) can be written as

|A(k,)| = q» + 1 —a, where |a,| < 29y
The Hasse-Weil L-function of A/K is

Lis, A/K) =] [ —avg;) ' [[A —avg,* + 4,77, 3)

veS V¢S

Lk (s) =

2)

where S consists of the primes v of bad reduction for A and for such v, we have
a, € {0, 1, —1} depending on the type (see [Ta3]). It is known that L(s, A/K) is
a polynomial in ¢'~* with a functional equation relating s to 2 — s (see [Ta2, Sh]).

Suppose now that A/K is a constant elliptic curve, so that A is defined over
k. Leading up to formula (5) below, we now closely follow the discussion of §3.2
of [Oe], to which we refer for more details. In this case we have the following
identity:

oelﬂ/q *)
B AR = H(l—ﬂjq—w(l—ﬂ P @

where «; are defined in (2) and B; are defined similarly for A:

|[A) | =q+1—(B1+B2) and BiBr =gq.

In the constant curve case the Mordell-Weil group A(K) can be identified with
the group Mory (X, A) of morphisms from X to A defined over k, the canonical
height of a point being identified with the degree of its associated morphism. The
torsion subgroup A(K ) corresponds to the constants A(k). The Mordell-Weil
lattice A(K)/A (K)o is canonically isomorphic to the group Homy (J (X), A) of
morphisms from the Jacobian J(X) to A defined over k and is an even integral
lattice L of rank n with respect to the degree form (u, v) = deg(u + v) —degu —
deg v, where u, v € Homy (J (X), A).

The conjecture of Birch and Swinnerton-Dyer is a theorem in this situation
(see [Mi]) and states that L(s, A/K) vanishes to order n at s = 1 and that

L(s, A/K)  q'#$[II(A/K)|A
im = ,
s=1 (1 —g'=s)n |A (k)|
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where A is the discriminant of L and is defined by A = det(u;, u;) with

{uy,...,u,} a Z-basis for L. Using (4) we see that n is the number of pairs
(i, j) with o; = B;. Milne’s formula
IM(A/K)|A =q% [T —ai/B) 5)
a; #Bj

then follows as well.

We are interested in the case A = E,, |k| = p and K the function field of £,
so E, is a constant elliptic curve defined over K. In this situation the Mordell-Weil
lattice L may be identified with the k-endomorphisms Endy (E ). Now End; (E,)
is well known to be isomorphic to an order of discriminant A, say, in the imag-
inary quadratic field Q((a[z, — 4p)'7%), where a, is defined in (1) (see Theorem
4.2 of [Wat)). In this isomorphism the degree form is given by (u, v) = 2 Re(uv)
and A = A,. This motivates the following definition.

Definition 2.1. Let b, be the unique positive integer such that
2 2
a,—4p =b,A,. (6)

Now a straightforward calculation of the right hand side of (5) gives the following
formula.

Proposition 2.2. For primes p t N we have that |I11,,| = blz?.

Upper bounds for |I11, |

Proposition 2.2 gives immediately the upper bound
I, < (4/3)p )
for all p { N. In general this bound is likely sharp. In fact, if E is given by
yV=xP+1,
which has CM by Q(+/—3), then for a prime p of the form p = 3n? + 1 Propo-
sition 2.2 implies that

III,| = 4n* = (4p — 4)/3.

There are likely infinitely many such p. In fact, conjecturally the number of such
primes < x should be asymptotic to k /x/ log x for some positive k as x — oo.

On the other hand, for non-CM curves a theorem of Schoof implies that
[III,|/p = o(p). More precisely, we have the following bound, which is an
immediate consequence of Proposition 2.2 and the bound

|A,| > (log p/loglog p)>

given as Corollary 2.5 in [Sc] under the same conditions.
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Proposition 2.3. Suppose that E does not have CM. Then, for p 1 N,

I, | < p (loglog p/log p)*

where the implied constant depends only on E.

3. Division fields and their subfields

In this section we will develop some properties of the division fields of an ellip-
tic curve and certain of their subfields needed to detect divisibility of |III,,| by a
square. Background for this section on elliptic curves may be found in [Si] and
[Ta4] and on cyclotomic fields in [Wa].

As before, let E be an elliptic curve defined over Q and of conductor N.
For a positive integer n let E[n] denote the group of n-division points of E and
L, := Q(E[n]) be the nth division field of E. Then L,,/Q is a finite Galois exten-
sion whose Galois group G, is a subgroup of Aut(E[n]) = GL,(Z/nZ). Let us
denote?

$a(n) = #GLo(Z/nZ) =n* [ (1 = H(A —€7). ()

Lln
¢ prime

A basic fact is that L, contains the nth cyclotomic field Q(¢,), where ¢, is a
primitive nth root of unity, this being a consequence of the non-degeneracy of the
Weil pairing. Furthermore, the Galois action of 0 € G, on ¢, is given by

Lo —> g, ©)

The following observation is useful for obtaining some needed properties of
L, for square-free n. By a non-trivial subfield of a number field we mean a subfield
which is not Q.

Proposition 3.1. Suppose that n is odd and square-free and that
G, = Gal(L,/Q) = GL,(Z/nZ).

Then any non-trivial Galois subfield of the division field L, contains a non-trivial
subfield of the cyclotomic field Q(¢,).

Proof. Since
G, = [ [ GL.Z/17),
Lln

any proper normal subgroup of G, has a component H in some GL,(Z/{Z) for
£ > 3 which is a proper normal subgroup. Thus to prove the Proposition it is
enough to show that H fixes a non-trivial subfield of Q(¢,).

2 1In this paper £ always denotes a prime and a product over £|n is over all prime divisors of 1.
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Suppose first that £ > 5. As is shown in Theorem 9.9 p.78. of [Su], H either
contains SL,(Z/¢Z) or is a subgroup of the center Z of GL,(Z/¢Z), which con-

sists of the scalars:
a0 "
2={(29): weerenr)

In the first case, by (9), the fixed field of H is a non-trivial subfield of Q(&,),
and the result follows. In the second case H is contained in the subgroup of
GL,(Z/£7Z) whose elements have square determinants. Writing

m* = (—1)"T m (10)

for any odd integer m, we see that H fixes the subfield Q(+/€*) of Q(z,).
If ¢ = 3, the proper normal subgroups of GL,(Z/37Z) are SL,(Z/37Z),

—11 11 0-1 10
=) =04) = 00) =60}
and {£1}. Thus H fixes Q(&3) = Q(+/—3) in any case. O

Suppose that m and n are co-prime positive integers. It is easily seen that
L,L, = L,,, where L,,L, is the compositum of L,, and L,. As usual, denote
by [L : Q] the degree of the extension L/Q. Since L, /Q is Galois we have that
[L,L,:Ql=I[L,:QIl[L,:Q] ifandonlyif L, NL, = Q (seee.g. p.115.
of [Ro]). Thus for co-prime m and n

[Lyy : Ql=[Ly :Q][L,: Q] ifand onlyif L, NL,=Q. (1)

Ramification of primes in L, is described by the criterion of Néron-Ogg-Sha-
farevich (see e.g. [Si] VII, §7.1), which states that p is unramified in L, for all
positive integers n not divisible by p if and only if p is a prime of good reduction
for E . In particular, L, is unramified outside of nN.

In case E does not have CM we have the fundamental result due to Serre [Sel]
which states that there are at most finitely many primes £ so that the Galois group
of the full division field L, is not all of GL,(Z/£7Z). We shall denote by Ag the
product of these “exceptional” primes £.

Using these results we derive from Proposition 3.1 the following needed prop-
erties of L,,.

Proposition 3.2. Suppose that E does not have CM.

1. If n is square-free, odd and prime to A, then

Gal(L,/Q) = GLy(Z/nZ).
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2. If n is square-free, odd and prime to N Ag and m is any positive integer prime
to n, then

L,NL, =Q.

Proof. The first statement is proven by induction on the number of primes divid-
ing n. Suppose that for square-free n prime to Ag we have G,, = GL,(Z/nZ). Let
£ 1 2n A be another prime. By Serre’s theorem we know that G, = GL,(Z/{¢Z).
We claim that L, N L,, = Q. If not, then by Proposition 3.1 we have that L, N L,
contains a nontrivial subfield of both Q(¢,) and Q(&,). But Q(¢,) N Q(¢,) = Q.
Thus by (11)

[Len: Q1=[L¢ : QI[L, : Q= #GLo(Z/¢Z) - # GLy(Z/nZ) = # GLy(Z/4n7Z).

The first statement follows by induction.

For the second statement, if L, N L,, gives a non-trivial normal subfield of L,
then by Proposition 3.1 some ¢|n must be ramifiedin L, N L,,, hence in L,,. This
is impossible since ¢ { mN by assumption. O

The modular curve Xy(n)

Define J,, to be the subfield of L, fixed by the scalar elements of G,. Thus J,
is a Galois extension of Q which is unramified outside of n N and whose Galois
group is a subgroup of PGL,(Z/nZ). The fields J,, are important for us since they
allow us to detect the divisibility of |III,,| by n%. Before seeing this in Proposition
3.4, we first discuss the relation of J, to other well known fields and record some
needed consequences of Proposition 3.2 for J,.

Let F, denote the subfield of the nth cyclotomic field Q(¢,) fixed by the sub-
group of Gal(Q(¢,)/Q) = (Z/nZ)* consisting of squares. Unless n = 2, we
clearly have [F, : Q] > 1. Since the scalars of G, = Gal(L,/Q) acting on
Q(¢,) € L, through (9) fix F,, we have that F,, C J,. Thus [J, : Q] > 1 except
possibly when n = 2, where J, = L. In case n is square-free, it is clear that

Fy= QW6 .../, (12)

where ¢4, ..., ¢, are the odd prime divisors of n (recall (10)). If n is odd and
square-free, then F, is the genus field of F = Q(+/n*), that is, the maximal
abelian extension of QQ containing F which is unramified over F [Ha].

The field J, is closely related to the modular curve Xo(n) which, roughly
speaking, parameterizes the cyclic isogenies of degree n between elliptic curves
E and E'. Explicitly, X((n) may be defined over Q by the classical modular poly-
nomial ®,(X, Y) € Z[X, Y], which is an irreducible symmetric polynomial of
degree

v =n[](1+¢")

Lln
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which satisfies

®,(j(E), j(E") =0

exactly when there is a cyclic isogeny of degree n from E to E’. In terms of the
modular function j(z) we have explicitly 3

¥ (n)
@, (X, j@) =[[(X - i),

i=1

where

y,-e{(gz,): ad =n, (a,d,b) =1, O§b<d}.

One can show that J, is the splitting field of &,(X, j(E)), provided that
Gal(J,,/Q) = PGL,(Z/nZ) (for a proof see Prop 5.2.3 p.68 of [Ad]).

The following is an immediate consequence of Proposition 3.2 and will be
used to show the density of primes in Theorem 2 is positive.

Proposition 3.3. Suppose that E does not have CM. Let Ag denote the product
of the exceptional primes for E.

1. If n is square-free, odd and prime to Ag, then Gal(L,/Q) = PGL,(Z/nZ)
and so

[n:Ql=r’]Ja—€).

Ln

2. If n is square-free, odd and prime to N Ag and m is any positive integer prime
ton, then J, N J,, = Q and so

Divisibility of 111, |

The field J, allows us to study divisibility properties of |III,| and shows the
relation between |[II1,,| and the structure of E, (k).

Proposition 3.4. Let E be an elliptic curve defined over Q and of conductor N.
Let p 1 N be a prime and n be a positive integer. Then n* divides |11 plif and only
if p t n and p splits completely in J,/Q.

3 The coefficients of ®, (X, Y) are famously large; already when n = 2 we have

Dr(X,Y) = X3+ V3 — X2Y? + 1488(X%Y + XY?) +40773375XY — 162000(X> + ¥?)
+ 8748000000(X + Y) — 157464000000000.
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Proof. Suppose p { N. The ring of endomorphisms End,(E,) of E, over k is an
order in Q((af7 — 4p)%), of discriminant A, < 0. Recall from Proposition 2.2
that bf, = |III,| where b, is given in (6). First observe that we may assume that

p 1 n since this follows from the condition that n* divides |III,| and the upper
bound (7).
Consider the matrix

aerbpSp b

— 2 P

Op = bp(Ap—8p) ap—bpdp |~ (13)
4 2

where §,, is 0 or 1 according to whether A, = 0 or 1(mod 4). Then, as shown in
[DT], for an integer n such that p { n, the matrix o, reduced modulo  represents
the class of the Frobenius over p for L,. The result now follows since it is easy
to check that o, is congruent to a scalar mod n if and only if n | b,,. O

For p t N, the finite abelian group E (k) has the structure
E,(k) = (Z/d,Z) ® (Z]e,Z)

for uniquely determined positive integers d,, e, with d,|e ,, the elementary divi-
sors of E, (k). Here ¢, is the exponent of E, (k). This follows since E,(k) C
E,,(%)[n] C (Z/nZ) ® (Z/nZ) for n such that #E,(k)|n, where k denotes an
algebraic closure of k.

It is easy to see that a,, does not determine the structure of E,(k), that is, d,
and e, are not isogeny invariants. However, these invariants are determined by a,,
and b,, as follows. Recall that A, = (a) —4p) /b’ and that §,, is 0 or 1 according
to whether A, = 0 or 1(mod 4). The following is an easy consequence of (13)
together with the fact that for any n € Z* with p t n, we have that n | d,, if and
only if p splits completely in L, [Mu]. Note that neither d,, nor b, can be divisible

by pif pt N.
Proposition 3.5. For p t N we have that
dy =ged (by, 3(a, +b,8,—2)) and e, = (p+1—ap)/d,.

In particular, if 111, is trivial then E (k) is cyclic.

4. Applications of Chebotarev

Given a (finite) Galois extension L /Q with Galois group G the Chebotarev The-
orem says that the Frobenius classes of the unramified primes in Q are uniformly
distributed over G. More precisely, if C is a union of conjugacy classes of G and
if 0, € G is any Frobenius element over an unramified p, let

w(x,C) :#{pfx: p is unramified in L and o, EC}.
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Then*

7(x, C) ~ G () (14)

as x — oo (see e.g. [LO]).

To obtain a strong uniform remainder estimate we shall to assume the
Generalized Riemann Hypothesis (GRH) for the Dedekind zeta function for L.
Recall that this is defined for Re(s) > 1 by

s, L) = -N@ ™",
p

where p runs over the finite primes of L, and has an analytic continuation and
functional equation. GRH conjectures that all non-trivial zeros of ¢ (s, L) lie on
the line Re(s) = % The following useful conditional version of the Chebotarev
Theorem is now well-known.

Proposition 4.1. Suppose that { (s, L) satisfies GRH. Then

7(x,C) — %n(x) < x2|C| log(x |G| 1), (15)
where &1, is the product of the ramified primes in L, and the implied constant is
absolute.

Proof. We have the conditional Chebotarev Theorem given by Lagarias and
Odlyzko [LO], as refined by Serre in Théoreme 4 p.133 of [Se3]:

n(x,C) — %n(x) < x'?1C| (|G| log | disc(L/Q)| + log x).
The result then follows from Prop. 6 of [Se3], which implies that
G|~ log| dise(L/Q)| < log(IG| 8L). o
We now apply these results to the counting function
7, (x) =#{p < x: ptN and n? divides |III |} (16)

forany n € Z*.
Proposition 4.2. Let E be an elliptic curve defined over Q and of conductor N.
Then, foranyn € 7",

7T (x) ~ ¢, w(x)

as x — oo, where ¢, = [J, : Q|~'. Assuming GRH for ¢ (s, J,) we have, for any
n € Z% and any x > 1, that

7 (xX) = ¢ w(x) + O(x? log(xnN)), (17)

where the implied constant is absolute.

4 One may of course replace the term 7 (x) by the logarithmic integral Li(x).
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Proof. Consider the Galois extension J,, with C the identity class in Gal(J,,/Q).
The first statement follows from Proposition 3.4 and (14) since

m,(x) —m(x,C) < logN.

The second statement is then a consequence of Proposition 4.1, since clearly
we have the bound [J,, : Q] < n? and the product of the ramified primes is < nN.
O

Theorem 1 follows immediately from the first part of Proposition 4.2.

A character sum

The following result is needed in the proof of Theorem 2 and allows us to take
advantage of the fact that |III | is a square. A variant is due to Cojocaru, Fouvry
and Murty ([Co,CFM]), who first discovered the relevance of such a result in
conjunction with the square sieve.

Proposition 4.3. Suppose E does not have CM and let n € Z* be square-free,
odd and prime to Ag. Assume GRH for ¢ (s, L,). Then for x > 1

a’—4
Z( P_p> =k, 7(x) + O(x? n* log(xnN)),
n
p=x

ptN

with an absolute implied constant. Here ( ) denotes the Jacobi symbol and k, =

[T (1 =71
Proof. By splitting into progressions mod n we have

S(5)- 2 2 (5

p=x t(mod n) d(modn)
PIN

) mp(x;d,t) +O(ogn), (18)

where
mp(x;d,t) =#{p<x: p{N, a,=t(modn) and p = d(modn)}.
By (1) of Proposition 3.2 we know that

Gal(L,/Q) = GLy(Z/nZ) = | | GL2(Z/¢Z)
£ln

and it is straightforward to check that the number of elements in GL;(Z/nZ) with
trace ¢t and determinant d when (d, n) = 1 is

agsmy=n[[(e+(554)) =nY 2 (254). (19)
on k k

|n
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Proposition 4.1 applied to this union C of conjugacy classes in Gal(L,/Q) then
gives

Old,t(n)

(n)

7(x) + 0@ n loganN) [ [ + 1)), (20)
a

we(x;d, 1) =
where ¢, (n) is defined in (8). Plugging (20) back into (18) we have:

ar—4p\  n2B(n) I
p — 22 2_
E ( - ) = 5 7(x) +O(x2 n” log(xnN) Lnl ¢ =1), @1

p=x
PIN

where the second equation of (19) yields g(n) = Zkln S(n, k), with

S(n,k):% > (%) (22)

t(mod n) d(modn)
(d,n)=1

In view of (21), in order to finish the proof of Proposition 4.3 it is sufficient
to show that B(n) = k,¢,(n)/n?. For this it is enough to prove that 8(n) is mul-
tiplicative on odd square-free integers and that §(¢) = —(¢£ — 1)/ for an odd
prime £.

Suppose that ny, ny, ki, ky are positive odd square-free integers with k; [n and
ky|n,. A standard application of the Chinese remainder theorem and the multipli-
cative properties of the Jacobi symbol shows that if (n;, n,) = 1 then

S(niny, kiky) = S(ny, k1)S(na, ko).

Thus from the definition of 8(n) from above (22) we may write
Bn) =) S, k)= Sn/k 1Sk, k) (23)
k|n kin

as the Dirichlet convolution of two multiplicative functions, namely S(n, 1) and
S(n, n), and so B(n) is also multiplicative. Now from (22) we obtain

sen= £ (2 (59 (9) - £ ()=

t(mod ¢) \ d(mod¢) t (mod ¢)

and

£SO =t—14+ > > (’2;24d):z—1+(£—1)(6—2)=(£—1)2.

t(mod ¢) d(mod¢)
t,0=1 (d,0)=1

Hence by (23) we have that 8(¢) = S, 1) + S, ¢) = —(£ — 1)/¢, finishing
the proof. O
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Proof of Theorem 2 in CM case

Theorem 2 in the CM case may be proven using Chebotarev for a fixed finite
extension. It is a consequence of the following result.

Proposition 4.4. Suppose that E has CM by an order of discriminant A in Q(v/A).
Then, as x — 00,

# {p <x:ptNandIl, is trivial} ~ cm(x),
where
1/2, if /A e J
c=1 fVA e (24)
(1 —¢2)/2, otherwise
with ¢y = [J, : Q7.

Proof. Partition the primes p t N into two classes: ordinary and supersingular.
Recall that |IIT,| = bf,. Suppose first that p is ordinary for E, which means that

a, #0and A, = A.By(6)wehavethatb, = lifandonlyif p = (ap/2)2—A/4.
There are few such primes:

#{p <x: p{N isordinary and b, = 1} < /x. (25)

In fact, the right hand side can be replaced by <« /x/ log x (see [HR]).
If p is supersingular for E then we have a, = 0 and from (6) either b, = 1

or b, = 2. By [De] p is supersingular for E if and only if (%) # 1. Thus by
Proposition 3.4, (25) and the Chebotarev Theorem we have that

#H{p<x:p{Nandb, =1}~ cr(x)
as x — oo, where

c=1-[h:Q"" - [QWA): Q"'+ [L(+/A): Q!
=1/2—[1: QI '+ [L(WA): QI

which is easily seen to be given by (24). O

5. Sieving out primes with non-trivial I1I,,

We now turn to the proof of the main result Theorem 2 in the non-CM case. We
shall obtain an asymptotic formula for

Tgna(x) =#{p < x : p{ N and Il is trivial} . (26)

Here we must assume GRH for the Dedekind zeta functions of the division
fields of E. Based on the strength of Proposition 4.3, we are able to use directly the
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inclusion-exclusion principle in its most basic form beginning with the expansion
of the delta symbol for m € Z*:

3wy = 8(m) = I
0, ifm#1,

nlm

where 1(-) denotes the Mobius function. Recall that we have written |11, | = b;.
This yields immediately the starting formula

Tana(X) = D _8(by) =Y > un).

p=x P=X nlby,
PN PN

We know from (7) that b, < 2./p/3 and so in this summation n < 2,/x. After
rearrangement, the sum can thus be written

Tpa(X) = D pw)#{p < x:ptNandnlb,}.
n<2yx

By Proposition 3.4 we have

Taa(X) = Y pm)m, () + Y p(m)m,(x),

n=y y<n<2x

where 7, (x) is defined in (16) and y = y(x) is a parameter which shall be cho-
sen later. We now apply the conditional Chebotarev Theorem as given in (17) of
Proposition 4.2 to the first term giving

Tsha(X) = (Z UJ(”)QL) m(x) + Z wm)m,(x) + O(yx% IOngN),

n<y y<n<2x

27)

where ¢, = [J, : Q]! In this way we are led to seek an asymptotic evaluation
in y of

Cy) =) ume, (28)

n=<y

and an upper bound in x and y for

Dx,y)= Y m(x). (29)

y<n<2/x
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The main term

We shall begin with C(y). Define

Zu(n)cn l_[ (1 - m) ) (30)

n|B 1291

¢ prime

where ¢, = [J, : Q7! and B = 2AgN, where again Ag is the product of the
exceptional primes for E. Clearly ¢ > 0.

Proposition 5.1. Suppose that E does not have CM. Then
C(y) =Y ume, =c+0(y~2B?
n<y

with an absolute implied constant. Furthermore, ¢ > 0 if and only if c; # 1. In
fact,

C>(1—c2)1_[( £(£2—1)) (31)

B
£ prime

Proof. Every square-free positive integer has a unique decomposition as the prod-
uct of two co-prime square-free factors m and n, where m is a divisor of B and n
is prime to B. For such m and n we have by (2) of Proposition 3.3 that

Cmn = CCy.

Thus we may write

Cy) =) ne, =Y pumyey Y nne,

n<y m|B (n.B)=1
nm<y

=c— ) pmyen Y pme, (32)

m|B (n,B)=1
nm=>y

where for the second line we are using (1) of Proposition 3.3 that for a prime
L4B,co = (£(£*> — 1))~'. Then, using the obvious bound

e, =[Ja—-eH™ <1‘[(1 eH = (33)
Lln

for the n with (n, B) = 1in (32), we get

CON—ckY, D ongy?y m, (34)

m|B n>y/m m|B
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the second inequality following by a standard integral comparison. By using the
inequality of (33) again we get the we known estimate

2 EM(B) 2 —2v—1 n? 2
Zm — B ]_[ <B ]‘[(1-@ ) SZB, (35)

m|B LB 0B
£ prime £ prime

where vy (B) is the highest power of £ dividing B. Thus from (34) and (35) we
have C(y) — ¢ < B*y~2, giving the first part of the proposition.

Now Zn‘ g m(n)c, is, by Proposition 4.2, the density of primes not splitting in
any J, for n|B. In particular, if ¢; = 1 then clearly ¢ = 0. In order to finish the
proof, it is enough to establish inequality (31). For this observe that

=1-c+ )Y pmlF,: Q"

n|B
n>2

where F;, is the subfield of J,, from above (12), is the density of primes not splitting
in any F,, for n|B. But

Y o u@IF, QI =Y umlF, QI+ Y u@nFy QI =

n|B n|B n|B
n>2 n>1odd n>1 odd

since F, = Fp, foroddn > 1s0o 1 — ¢, = ¢'. Since a prime which does not split
in F,, cannot split in J,, we have

l—a=d <) pme,

n|B

which finishes the proof of (31) in view of the definition of ¢ in (30). O

Secondary sieving

We turn now to the estimation of

Dix,y)= Y ),
y<n<2x

where 7, (x) = #{p < x : p{ N and n? divides |IIL,|}.

Proposition 5.2. Suppose that E does not have CM and let ¢ > 0 be given.
Assume GRH. Then, for 1 <y < 2./x and x > 1, we have the uniform bound

D(x,y) < y 2x1ite,

where the implied constant depends only on € and E.
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Proof. By Proposition 2.2 we have
m(x)=#{p<x:p{N,b,=0(modn)}
5#{p <x: p{N,4p—af, EO(modnz)}.
Now this is

5#{p§x:p+N,4p—a2

b= n*k*m for some k and some square-free m} .

Hence letting » = nk we have that D(x, y) is
< Z d(r)# {p <x:p{N,dp— af, = r2m for some square-free m} ,
y<r<2/x
where d(r) denotes the number of divisors of r. Since d(r) <, r® for any ¢ > 0,

and since the decomposition 4p — al% = r?m above is unique, we obtain that

D(x,y) < x° Y Su(x), (36)

m<4x/y?
where
— . AR
S (x) _#{p <x:ptN, m(4p —ap) 1sasquare}.

We now obtain a uniform bound for S,,(x) for 1 < m < x. Here we use that
if n < 4x? is a square, then the sum of Legendre symbols

Zs/éZflzz (%> > 7 (2),

provided z >> log x for a big enough constant, since the number of distinct primes
£nis K logx/loglog x < m(z). Thus

2
Sn(X) K D wa(n) ( > (%)) 7(2)2, 37
n<4x? 7<€<2z
where
wm(”):#{p fx:pTN, m(4p_a,2)) :I’l}.

Squaring out in (37) we obtain

S0 <7 Y wam +7@2 [ Y Y wa) (zln_ez)

n<dx? <01 #6227 p<4x?

7 (x) 5 m 4p — af,
L —=+7(2) E (—) E (
m(z) i 5% = 1512
P
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since, for fixed m, the primes < x are partitioned by n into distinct sets. Thus

T o @, = 4p
Sn¥) < T+ @) > Z( T )

p=<x
<01 #, <2z o

As long as z is sufficiently large we can apply Proposition 4.3 with n = £,¢, to
obtain that

m(x) | m(x)

S (x )<<T)+ o + x!/? Slog(sz)
xlo
L — gz x!/? 8log(sz)
zlogx

By choosing z = ax!/!8 for some constant a depending on E, we get the uniform
bound for 1 <m < x:

Sm (X) < X17/18+8.

Plugging this estimate into (36) gives Proposition 5.2. O

The main result

We are now able to prove Theorem 2 in the non-CM case. We have the following
more precise result.

Proposition 5.3. Suppose E does not have CM and assume GRH. Then, for any
e > 0 we have

# {p <x:p{NandIl, is triVial} =cmw(x)+ O(xﬁﬂ)’

where the implied constant depends only on ¢ and E. Here c is positive if and
only if E has an irrational point of order two and is given by

1
> ume | T] (1 @D 1)),

n|B B

where ¢, = [J, : Q™" and B = 2AgN, with Ag being the product of the
exceptional primes for E.

Proof. As before write g, (x) = # { p <x:p{NandIl, is trivial} . By (27-
29)for 1 <y <2./x and x > 1 we have

Ta(x) = C(NT(x) +O(D(x, y) + yx? log(xyN))
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and so Propositions 5.1 and 5.2 yield

Tana(X) — € (x) < (37247 + yx?2)(xy)°

where now the implied constant depends only on ¢ and E. Choosing
13
y=x7
gives the remainder estimate. The stated properties of ¢ follow from Proposition
5.1 since the condition that E have an irrational point of order two is equivalent
to having ¢, # 1. This follows since L, = J;. |

6. Concluding remarks

For any elliptic curve defined over QQ the proof of Theorem 2 may be modified
to show that [III,,| = 4 for a positive proportion of primes p, assuming GRH in
the non-CM case. It is also possible to give generalizations of our results for an
elliptic curve defined over a number field.

An open problem is to prove unconditionally the existence of infinitely many
primes p for which III,, is trivial for any non-CM curve E with an irrational point
of order 2. The method used in the cyclicity problem [GM], which relies on sieve
arguments for primes in arithmetic progressions, is not directly applicable since
the field J, does not contain the nth cyclotomic field.

It follows from [Mi] that, under the same conditions as in Theorem 2, the
Brauer groups of the reductions of £ x E are trivial for a positive proportion of
primes. It seems interesting to consider similar questions for the reductions of
more general elliptic surfaces.

Acknowledgements. We would like to thank Don Blasius, Ram Murty and Michael Rosen for
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