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We give a global description of the Frobenius elements in the division fields of Drinfeld
modules of rank 2. We apply this description to derive a criterion for the splitting mod-
ulo primes of a class of nonsolvable polynomials, and to study the frequency with which
the reductions of Drinfeld modules have small endomorphism rings. We also generalize
some of these results to higher rank Drinfeld modules and prove CM-lifting theorems

for Drinfeld modules.

1 Introduction

Given a finite Galois extension L/K of global fields and a conjugacy class C € Gal(L/K),
a fundamental problem is that of describing the (unramified) primes p of K for which the
conjugacy class of the Frobenius at p is C. The Chebotarev Density Theorem provides the
density #C/[L : K] of these primes, while, in general, the characterization of the primes
themselves is a finer and deeper question.

One instance of a complete answer to this question is that of the cyclotomics.

For example, for a an odd positive integer, Gal(Q(¢,)) >~ (Z/aZ)*, and so for any rational
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prime pta, the Frobenius at p is uniquely determined by the residue class of p modulo
a; in particular, p splits completely in Q(¢,) if and only if p= 1(mod a). A similar result
was proved by Hayes [19] for the cyclotomic function fields introduced by Carlitz.
Natural extensions of the cyclotomics occur in the context of abelian varieties
and Drinfeld modules through the division fields associated to these objects. For an
abelian variety of dimension 1 (an elliptic curve), defined over a global field, an explicit
global characterization of the Frobenius in the division fields of the variety has been
obtained using central results from the theory of complex multiplication, and similarly
to the case of the cyclotomics, there are numerous applications of this characterization
(cf. [12, 35]). For a higher dimensional abelian variety, the question of describing explic-
itly the Frobenius in the division fields of the variety is open. The focus of our paper is
an investigation of this question in the context of Drinfeld modules, as described below.
Let F be the function field of a smooth, projective, geometrically irreducible
curve over the finite field F; with g elements. We distinguish a place co of F, called
the place at infinity, and we let A denote the ring of functions in F which have no poles
away from oco. Let K be a field equipped with a homomorphism y : A— K. If y is injec-
tive, we say that K has A-characteristic 0; if ker(y) =p < A is a nonzero (prime) ideal,
then we say that K has A-characteristic p. Note that K contains [, as a subfield. Let t
be the Frobenius endomorphism of K relative to F,, that is, the map x+ x7, and let K{r}
be the noncommutative ring of polynomials in the indeterminate r with coefficients in
K and the commutation rule rc= c?t for any c€ K. A Drinfeld A-module over K is a ring

homomorphism

v A— K{t}

a>Ya=y@+ Y ot an#0,
I<izn,

whose image is not contained in K. One shows that there is an integer r > 1, called the
rank of ¥, such that n, = rlogq |al, for all a € A, where | - | is the normalized valuation
of F defined by oo; see [11]. Two Drinfeld modules, v, ¢, are isomorphic over K if there
exists ce K* such that ¥, =c '¢.cfor all ac A.

Let ¢ be a Drinfeld module of rank r over F, with y being the canonical embed-
ding of A into its fraction field F (this shall be our setting throughout). We say
has good reduction at the prime p of A if we can find ¢ over F with the following

properties:

(i) ¢ is isomorphic to ¢ over F;
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(ii) for all a€ A, the coefficients of ¢, are integral at p;

(iii) the map

PQF,: A— Fy{r}

ar> ¢p,modp

is a Drinfeld A-module of rank r over I, := A/p.

Let Py denote the set of primes of good reduction of y. We will often implicitly assume
that i itself satisfies (ii) and (iii) at a given prime of good reduction.

The ring of K-endomorphisms of ¥, Endg(y), is the centralizer in K{r} of the
image of A under . Denote by F., the completion of F at co. The ring Endg(¥) is a
projective A-module of rank < r? with the property that D :=Endx(¥) ®4 F is a division
algebra over F such that D ®r F., is also a division algebra (over F.). Moreover, if K
has A-characteristic 0, then D is a field extension of F of degree <r; see [11]. In this last
case, the place co does not split in the extension D/F. We call a finite field extension F’
of F imaginary if oo does not split in F'.

The Drinfeld module ¥ endows the algebraic closure K of K with an A-module
structure, where a € A acts by ,. We shall write ¥ K if we wish to emphasize this action.
The a-torsion ylal C K of v is the kernel of v, that is, the set of zeros of the poly-
nomial ¥,(x) ==y (@X+ )1 iy, a;x9 € K[x]. The field K (ylal), obtained by adjoining the
elements of y[al to K, is called the a-division field of .

It is clear that v[al has a natural structure of an A-module. Assume a is coprime
to ker(y), if the A-characteristic of K is nonzero. Then, y[al ~4 (A/aA)®" and y[a] C K5°P
(since v¥,(x) = y(a) #0). The action of Gk :=Gal(K*?/K) on y[al] gives rise to a Galois

representation
Poya: Gk — GL:(A/ad). (1)

In the theory of Drinfeld modules, the study of the division fields and the Galois repre-
sentations associated to ¥ plays a central role. For example, when r = 1, this study leads
to explicit class field theory of F (see [11, 19]).

In this paper, we mostly deal with Drinfeld modules for A=F,[T], which, in some
respects, is similar to that of elliptic curves over Q. Our first goal is to provide an explicit
global characterization of the Frobenius at a prime p of F in the division fields of
when r = 2. We also give a less explicit version of this result which is valid for any r > 2.

These results have several interesting applications, including a criterion for the splitting
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modulo primes of a class of nonsolvable polynomials studied by Abhyankar. The second
goal of the paper is to study the frequency with which the reductions of v modulo
p have a small endomorphism ring. This result opens up further important questions
about the behaviour of the reductions of i modulo primes and broadens a major theme
of research related to the Sato-Tate conjecture and the Lang—Trotter conjectures. Finally,
the third goal of the paper is to prove CM-lifting theorems for general Drinfeld modules,
providing a function field counterpart of Deuring’s Lifting Theorem.

Now we give the precise statements of our main results.

Theorem 1. Let g be an odd prime power, A=Fy[T] and F =F4(T). Let y : A— F{r} bea
Drinfeld A-module over F, of rank 2. Let p = pA € P, be a prime of good reduction of y,
where pe A is monic and irreducible. Let a, (), b, (¥), 6,(¥) be the following uniquely
determined elements of A:

(a) a, () is the coefficient of x in the p-Weil polynomial of ¢,
Pyp(x) =X+ a)x+ u(Y) pe Alxl,

where u, (Y) e F};
(b) b,(¥) is the unique monic polynomial such that, for any root =, () of Py,

Endg, (¥ @ Fy)/Almp (V)] =4 A/by (Y) A;

(c) 8,(¥) is the unique generator of the discriminant ideal of Endp, (¥ ® Fy)
satisfying

a (¥)* — 4u, (V) p =y (V)8 ().
Then, for any a € A coprime to p, the reduction modulo a of the matrix

@) S W)b(Y)

2 2
M,(A
) e |
2 2

represents the conjugacy class in GL;(A/aA) of the image under py 4 of the Frobenius at
p in the a-division field F(y[al) of . 0

An immediate consequence to this result is a criterion for the splitting com-

pletely of a prime in F(y[al), reminiscent of that for cyclotomic fields.
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Corollary 2. In the setting of Theorem 1, the prime p splits completely in F(y[al)/F if
and only if

a,(y) = —2 (mod a)
and
b, () =0 (mod a). O

Moreover, we deduce the A-module structure of F, defined by the reduction
Y F,.

Corollary 3. In the setting of Theorem 1, the A-module structure VF, is given explicitly
by

VFy =4 A/dr,(V)A X Aldy () A,

where
b
dp(¥) = ged (_p(zlﬁ)’ _%(2‘#) + 1) € A,
1+a,(¥)+u,(Y)p
(V) = €A,
2 (V dry ()

and d, ,(y) divides d; () (hence are uniquely determined up to a constant factor). In
particular, if b, () =1, then VF, is A-cyclic. O

For higher rank Drinfeld modules, we prove the following generalizations of

Theorem 1.

Theorem 4. Let A=Fy[T] and F =Fy(T). Let ¢ : A— F{r} be a Drinfeld A-module over
F, of rank r > 2. Let p = pA be a prime of good reduction of v, and 7, () be any root of
the p-Weil polynomial Py , of .

(a) There are uniquely determined nonzero monic polynomials b, (¥),...,
by, r—1(¥) € Asuch that

Endr, (¥ @ Fp)/Alm, (W) =4 A/by 1 (Y)AD - @ A/by 1 (V) A,
and

b, () divides by j 11 () fori=1,...,r—2.
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(b) If r is coprime to g, then

disc(Py ) A= disc(Endy, (¥ ® Fy))(by1(¥) - - by r1())?,

where disc(Py ) is the discriminant of the polynomial of Py ,, and
disc(Endy, (¥ ® Fy)) is the discriminant ideal of Endg, (¥ ® Fy).

(c) Assume 0#ac Ais coprime to p. Let J, be the subfield of F(yal) fixed by
Py.a(Grp) N Z(A/aA), where Z(A/aA) denotes the center of GL,(A/aA). Then p
splits completely in J, if and only if a divides b, 1 (). O

Comparing (a) and (b) of Theorem 4 with (b) and (c) of Theorem 1, we see that
the r — 1 invariants b, 1 (¥), ..., by r—1() generalize b, (/) to the rank-r case. Although
Theorem 4 does not provide an explicit matrix for the Frobenius at p, Part (c) of the
theorem can be interpreted as a generalization of Corollary 2. In the rank-2 case, b, ()
controls both Endr, (¥ ® F,)/Alr, ()] and the splitting behavior of p in division fields.
In higher ranks, b,,_;(¥) controls the difference between the endomorphism rings,
whereas b, 1 () controls the splitting of p. (Indeed, since all b, ;(y) divide b, ,_1(}), we
have Endg, (¢ ® F,) = Alr, ()] if and only if b, .1 () =1.)

An interesting arithmetic application of Theorems 1 and 4 is a “reciprocity law”
for splitting of certain nonsolvable polynomials in the style of Klein's approach to non-
solvable quintics using elliptic curves (which itself is a generalization of a theorem of
Gauss that the polynomial x* — 2 € Z[x] splits completely modulo a rational prime p>5
if and only if p=«? + 2782 for some integers «, B). To introduce this class of polynomi-
als, assume A=F,[T] and let  : A— F{r} be a Drinfeld A-module of rank r defined by

Yr=T+qit+gt’ +---+ g (2)
Consider the polynomial
fi@:=T+gx+ -+ gx7 VD ¢cF[x (3)
obtained from v (x) via the relation
Yr(x) = xfy (x17).

Theorem 5. Assume r > 2 is coprime to q.

(a) fy splits completely modulo p € Py, only if T? divides the discriminant of
P, ,. When r = 2, this can be explicitly stated as f}, splits completely modulo
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p only if p=ua® + aT? for some «,ac A and ueF}, where p is the monic
generator of p.

(b) Suppose g>5,r=2,and f; () =T + x+ gx?*'. If ge F or g=h?"" for some
nonconstant h e A not divisible by any prime of degree 1 except possibly
T, then the Galois group of f;, over F is isomorphic to PGL,(Fy), and, in
particular, is nonsolvable.

(c) If fy(x) =T+ uTx+x9~V/@V, where ucFy, then the Galois group of f

over F is isomorphic to PGL,(IFg).

Under the assumptions in (b) or (c), the set of primes {p: b, 1(¥) =0 (mod T)} has Dirich-
let density 1/#PGL,(Fy). O

Polynomials similar to f;, (x) in (b) and (c) were extensively studied by Abhyankar
in connection with the problem of resolution of singularities in positive characteristic
(cf. [1, 2]); for that reason, we call them Abhyankar trinomials. In fact, the claim in Part
(c) of Theorem 5 is a special case of [1, Theorem 1.1]. The argument in [1] is somewhat
hard to follow, mostly due to the generality Abhyankar aims for, but also because of fre-
quent references to his other papers. For that reason, we give a proof of (b) by adapting
Serre’s methods for elliptic curves [34] to Drinfeld modules.

In the above results, the invariants a,(¥), b,(¥), 8,(¥) associated to ¢ play an
essential role. The first one, “the Frobenius trace”, has been the subject of several studies
in relation to the Sato-Tate and Lang-Trotter Conjectures for Drinfeld modules (cf. [3, 6,
9, 10, 15, 21, 31, 39, 41]). In this paper, we study the second invariant, b, (), and prove
the following theorem.

Theorem 6. Let the setting and notation be as in Theorem 1.

(@) If Endz(y)= A, then, for xe N going to infinity, we have the asymptotic
formula

pamyc,, (x) q*

#{p e Py :degp=x,Endr, (Vv ® Fy) = Alm, (V)]} ~ Z 7 Fl pn

meA
m monic

’

(4)
where u4(-) denotes the Mobius function on A4, J,, is the subfield of F(y[m])
fixed by the scalars, ¢, :=[Jn N ]Fq :Fgl, and

CJ,

m

if ¢z, |x,
Cj,(X) =
0 otherwise.
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Moreover, the Dirichlet density of the set {p € Py : Endr, (¥ ® Fy,) = Alr, (¥)]}

exists and equals Y mea f‘JA('Z;
. . m monic " . . . . .
(b) If Endj;(v) is the integral closure of Ain a quadratic imaginary extension K

of F, then, for x € N going to infinity, we have the asymptotic formula

Cx (X) ) q_X

#{pePy:degp=x,Endp, (V ® Fy) = Alm, (¥)]} ~ 2 e

where cx :=[K NF,:F,] and

cx if cxlx,
cx(x):=
0 otherwise.
Moreover, the Dirichlet density of the set {p € Py : Endy, (¥ ® F,) = Alw, (¥)]}

exists and equals 3. O

Theorem 1 is the function field analog of [12, Theorem 2.1]. To prove this theorem,
Duke and Téth use Deuring’s Lifting Theorem. We avoid using such CM-liftings in the
proof of Theorem 1 by exploiting the fact that a Drinfeld A-module of rank r with endo-
morphism ring A’ can be considered as a Drinfeld A’-module of smaller rank. Neverthe-
less, the question of the existence of CM-liftings for Drinfeld modules is interesting. In

this paper, we prove the following analogue of Deuring’s Lifting Theorem.

Theorem 7. Let A be arbitrary, as at the beginning of this section. Let k be a finite
field with A-characteristic p. Let ¢ be a Drinfeld A-module of rank 2 defined over k. Let
g € Endi(¢)\ A. Then, there exist a discrete valuation field K with A-characteristic 0 and
residue field k, a Drinfeld A-module ¢ of rank 2 defined over K, and f € Endg(y), such
that ¢ with endomorphism g is the reduction of iy with endomorphism f. O

In Section 5, we prove a general result about CM-liftings of Drinfeld modules of
arbitrary rank from which Theorem 7 follows. The proofs of our main results are based
on both algebraic and analytic techniques.

2 Global Description of the Frobenius: Proof of Theorems 1 and 4

2.1 Preliminaries

Throughout this section, we assume that A=F,[T]. In addition to the notation in the

introduction, we use the following:

e AW denotes the set of monic polynomials in A.
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e For0z#ac A, deg(a) denotes the degree of a as a polynomial in T and deg(0) :=
—00.

e For f=7eF =Fy(T), deg(f):=deg(a) — deg(b). This defines a valuation on F
with normalized norm | f|., := q4¢8?); the corresponding place of F is co.

e Foraprimeideal 0+#p < A4, F, denotes the completion of F at p, [, := A/p, and
deg(p) :=1[IF, : Fgl.

Let ¥ : A— F{t} be a Drinfeld A-module of rank r. Let [=¢A <0 Abe a prime ideal
with generator ¢ € A. For an integer n> 1, we define ¥[["] :=v[¢"]. (It is easy to see that
this does not depend on the choice of ¢.) For n' > n, we have the inclusion ¥[["] C W[[”],

which is compatible with the A-module structure and the action of Gr. Hence

Y] = lmy (1" = (Fi/ A)®,

where F; and A are the completions of F and A at [, respectively. The [-adic Tate module
of ¥, defined as

Ti(y) := Homy, (Fi/ Ay, v [1°]) = AF",
is endowed with a continuous action of G, giving rise to a representation
py.1:Gr— GL-(4)

whose reduction modulo [ is py ¢ of (1).

Assume now that p#1[ is a prime of good reduction of . More precisely, if ¥
is given by (2), assume ord,(g;) > 0 for all 1 <i <r — 1 and ord,(g,) =0. Then, according
to [36, Theorem 1], the representation py | is unramified at p, and so, up to conjugation,

there is a well-defined matrix
py,1(Frob,) € GL-(Ap)

whose characteristic polynomial we denote by P, ,(x). The polynomial Py ,(x) has coef-
ficients in A, does not depend on the choice of [, and is equal to the characteristic poly-
nomial of the Frobenius endomorphism of the reduction ¥ ® I, acting on Ti(y ® IF); see
[36, pp. 478-479]. In particular, the roots of P, ,(x) are integral over A. Let 7, (¢/) denote
one of those roots.

Proposition 8. The field extension F(x,(¥))/F is imaginary of degree r. O
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Proof. By the reduction properties of Drinfeld modules, 7 :=m, () is a Weil number
of rank r over F; cf. [36, p. 479; 38, p. 165]. Next, by the properties of Weil numbers,
the extension F(x)/F is imaginary of degree dividing r; see [38, pp. 165-166]. On the
other hand, the norm N, 7(7) € A generates the ideal p¥™FV/r; ¢f. [38, p. 167]. Since p

is prime, we must have [F () : F]l=r. [ |

Let
Eyp:=Endp, (y ®F,), Ey,:=End; (¥ @F),

Oy :=1integral closure of Ain F (7, (¥)).

As a consequence of [38, Theorem 1] and Proposition 8, we have E, , ® 4 F = F (7, (/)).

Hence Alr,(y)] and Ey, , are A-orders in F(r,(¥)), and we have the inclusions
A Q A[T[p(lﬂ)] Cc Ex/r,p Cc O'l/f,p- (6)

It is known that E, , is a division algebra over F, and at the level of division algebras,
we have the inclusions

FCF(my(W)=Ey, ®aF=0y, 04 FCE;,,®4F. (7)
We say that p is a supersingular prime for  if dimlx:(]i'v,,p ®a F) =r?. We say that p is
an ordinary prime for ¢ if dimp(Ey, ®4 F) =r. If r =2, then any prime p € P, is either

ordinary or supersingular.
When r = 2, the coefficients of

Pyo(x) =%+ a,(Y)x + a, ()
can be explicitly determined as follows. Let N, /r, be the norm map from F, to F,. Let
up () 1= (= 1) *EP N, i, (92) "

where, by abuse of notation, g, in the norm denotes the reduction of g, modulo p. For an

integer k> 1, put [kl := T _ T, and define 5o :=1, s1 := g1,

qk—Z qk—l
Sg:=—lk—1lsxk_29, + Sk-19; (k> 2).
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Proposition 9.

(i) The coefficient a,(y) € Ais uniquely determined by

ap (Y) = —Up (Y)Seg(p) (mod p)

and

dega, (V) < @. (8)

(i) The coefficient a, (/) € Ais equal to u, (/) p, where pe A" is the monic gen-

erator of p. O
Proof. This follows from [15, Theorem 2.11, Proposition 3.7]. [ |

2.2 Proof of Theorem 1 and its corollaries

We keep the notation of Section 2.1, but assume that r =2 and g is odd. Note that even
though the characteristic polynomial of py «(Frob,) can be computed in terms of g;, gz,
and p, this is not sufficient for determining the conjugacy class of py 4(Frob,), as this
matrix is not necessarily semi-simple. For this, we need an extra invariant b, () related

to the reduction of ¥ at p. Both Alz, (/)] and E, , are A-orders in Oy, ,, hence of the form
Alry,(Y)l = A+ ¢y (Y) Oy p, 9)
Eyp=A+c,(¥)O0y, (10)

for some ideals ¢, (), c;(l/f) of A, satisfying

¢, (¥) Lep(¥). (11)
We define
¢p (V)
b =b A="L , 12
p(¥) =bp(¥) W) (12)
where b, () € AV, This is an ideal of A such that
Eyp/Alm, (Yl = A/by (¥). (13)

In other words, the ideal b, () measures how much larger the endomorphism ring E, ,
is than Alr, (¥)].
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Proposition 10. Let A(Ey,) denote the discriminant ideal of E, ,. Then, with prior

notation,

(ay(¥)* — 4u, (Y) p) A= b, (V) A(Ey, ). (14)

Consequently, there exists §,(¥) € A such that

A(Ey ) =6,(y)A

and

ay(Y)? — 4u, () p= by ()28, (¥). (15)

Proof. Let A(Oy ;) be the discriminant ideal of Oy ,,, and let

dy(¥) :=a,(¥)* — 4y, (y)pe A

be the discriminant of the characteristic polynomial Py ,. On one hand, by (10),
A(Ey.p) =, () A0y p);

hence, upon multiplying by ¢, (y)? and using (12),

b (V) A(Ey.p) = (V)2 A(Oy,p)- (16)

On the other hand, by (9),
dy (V) A=y (¥)*A(Oyp). (17)
By putting (16) and (17) together, we complete the proof. [ |

Proof of Theorem 1. By definition, Ey , is the centralizer of the image of A under ¢ in

Fy{r}. Thus there exists a natural embedding

¢ Ey,— it}
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such that the diagram:

A —— Ey,

L

Fy{r}

is commutative.

Recalling that AC Ey , and using that E, , is an A-module of rank 2, while ¢ is
a Drinfeld A-module of rank 2, we see that ¢ defines an elliptic Ey, ,-module over F, of
rank 1 in the sense of [19, Definition 2.1]. We will use ¢ to determine the action of the
Frobenius of Gal(F,/F,) on ¥Ial.

On one hand, since (a, p) = 1, we have an isomorphism of E; ,-modules ¢lal ~, ,
Eyp/aEy . On the other hand, from the commutative diagram, we have v[al ~g, , ¢lal.
Thus

vial~g,, Eyp/aEy .

Under this isomorphism, the action of the Frobenius of Gal(I_Fp /Fy) on ylal corresponds
to multiplication by 7, () on E,(¥)/aEy ;.

We now explore how this action extends to the A-module structure of v[al. We
fix a square root \/W of §, () in F5°P and write

Eyp=A+8,)A.

By (15),

Ty (9) = —@ + /5

by (¥)
2

EEV/,p’ (18)

and so the action of 7,(¥) on the A-module E, , is given by (18) and

3y (¥)b.
m (a0 = LD 4 5 (_apgﬂ)) |

This completes the proof of Theorem 1. |

Corollary 2 is an immediate consequence to Theorem 1. The description of d; , (/)
in Corollary 3 is a consequence to Corollary 2 and the property that, for ae A with

(a, p) =1, p splits completely in F(y[al)/F if and only if A/aA x A/aA is isomorphic to
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an A-submodule of VF,; see [8, Proposition 23]. The description of d ,(y) in Corollary 3

is a consequence to

Py (WA= x("Fyp) =di (V)b , (V) A,

where x (YF,) denotes the Euler-Poincaré characteristic of VF, (see [14]).

2.3 Proof of Theorem 4

To simplify the notation, let 7 := 7, () and E := Ey, ,. From Proposition 8 and (6) we get
that Alx] C E are A-orders in F (7). Since Ais a principal ideal domain and [F () : F]l=r,
the A-modules Alr] and E are free of rank r. Now by the elementary divisors theorem

[24, Theorem II1.7.8], there is an exact sequence of A-modules

0— Alr] — E — A/bgA® A/b)AD ---® A/b_1A— 0, (19)

where by, ..., b, € A are uniquely determined monic polynomials such that
bo|by|---|br1. (20)
(Of course, by, ..., b, depend on ¥ and p, which we omit from notation.) Note that every

element of Alr], considered as an element of E, is a multiple of by. But 1 € Aln], so by = 1.
In other terms, A/byA is trivial, and can be ignored. This proves Part (a) of the theorem.
If we assume that r is coprime to g, then the extension F(r)/F is separable. The

elementary properties of discriminants then imply (cf. [24, Exercise VI.32])
disc(Py ) A= disc(Alr]) = disc(E) (by1 (¥) - - - by.r1(¥))?,

which is (b).

As in the rank-2 case, we have an isomorphism v[al ~g E/aE with the action
of py q(Frob,) on the left-hand side corresponding to multiplication by = on the right-
hand side. Consider the A-linear transformation of the free rank-r A-module E induced
by multiplication by n. This transformation is congruent to an element of the center
Z(A) = Aof M.(A) modulo aif and only if Alx] € A+ aE. On the other hand, Alx] C A+ aE
if and only if (E/aE)/(Alr]/(Alr]l N aE)) ~4 (A/aA)® 1. Tensoring (19) with A/aA, we see

that this last condition is equivalent to

(A/byA®A A/aA)® - ® (A/br_ 1 A®a AlaA) >4 (AJaR)® L.
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As is easy to check,
A/bi ARy AJaA>~4 A/ gcd(b;, a)A.

Thus, Frob, acts trivially on J, (equivalently, p splits completely in J,) if and only if
a divides all b;. Since b; divides all b;, this last condition is equivalent to a|b;. This

concludes the proof of the theorem.

3 Abhyankar trimonials: proof of Theorem 5

Let ¢ and f; be as in (2) and (3), respectively. Let Gal(f;,) denote the Galois group of
the splitting field of f;, over F. We consider the composition of p, r with the natural
projection onto PGL,(A/ T A), and, after identifying A/TA~TF,, we write it as

py.r: Gp —> PGL(F,).

If 0 #s € [T, then s?" is a zero of f,(x). The center Z(Fy) ~F) of GLy(F,) acts on y[T]
by the usual multiplication, that is, y € Fy maps s to ys € F*P. Hence y maps s to
y41s971 =971, and so the action of GL.(F,) on the set of zeros of f, induced from the
action on y[T1], factors through PGL,(IF,). This implies that the action of G on the set of
zeros of f;, factors through 6y r, and

Gal(fy) >~ py.7(GF). (21)

Now let p e Py, p# T. It follows from (21) and Theorem 4(c) that f, splits com-
pletely modulo p if and only if b, ;(¥) = 0 (mod T). Therefore, Part (a) of Theorem 5 fol-
lows from Theorem 4(b) and (15).

Now we focus on Part (b) of Theorem 5. Let  be the rank-2 Drinfeld module
defined by ¥r = T + t + gr2. Our goal is to prove that, provided either g € Fyorg= ha-1

for some nonconstant h € A not divisible by any prime of degree 1 except possibly T,
py.7(GF) = PGLy(Fy). (22)

For this, we will follow the general strategy of [34, Section 2.8].

Let us consider the case g € F;. Then ¢ has good reduction at every prime of 4,
and so the extension F(y¥[T])/F is unramified away from T and co. In particular, it is
unramified at every prime p = pA defined by p=T — ¢ for some c€ F;. For such p let us

outline a few properties of py r(Frob,), which will eventually restrict the possible group
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structures of py r(Gr). By Proposition 9,

det oy, r(Frob,) =4, () pmod T = —.

Therefore

detpy.r:Gr —> IF; is surjective. (23)
Again, by Proposition 9,
- 1 X
tr ,O]/,,T(FI'Obp) = —%(1&) = —5 S ]Fq . (24)
Hence
1 4c
dp(w)=ap<w>2—4up(w>p=g—? (25)

_ trpy.r(Froby)?  a,(¥)? 1

= = =—. 26
det py r(Frob,) uw,(¥)p cg 126

L)

Since g is odd, (25) implies that d,(y) assumes all values of Fq\{gl—z}. In particular, since

q=5,
there are p for which d, (y) is a nonzero square (27)
and
there are p for which d, () is not a square. (28)
Moreover, (26) implies that there are p for which
() €{0,1, 2,4} (29)
and
t, () does not satisfy v> —3u+1=0 (30)

(e.g., if the characteristic is not 3, then ¢:= (3g) ! gives the value 3, which satisfies these
restrictions).

We will use the following classical theorem.
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Theorem 11 (Dickson). Any proper subgroup of PGL,(F,) is contained in one of the

groups:

(i) a Borel subgroup;
(i) PSLy(Fy);
(iii) a conjugate of the subgroup PGL,(IF) for some subfield F C Fg;

(iv) a dihedral group D2, of order 2n, where nis not divisible by the character-

istic of Fy;
(v) a subgroup isomorphic to one of the permutation groups A4, 4s, Ss. O
Proof. See [22, Theorem 8.27]. [ |

The properties of H := py r(Gr) derived from the above observations will exclude
all cases in Dickson’s theorem, leaving H = PGL,(F,) as the only possibility. Indeed, (i)
is not possible by (28), and (ii) is not possible by (23). If H is conjugate to a subgroup
of PGL,(F), then t,(y) € F for all p=T — c. This contradicts the fact that ¢,(y) = (cg)~*
assumes all values in F; as c¢ varies. Hence (iii) is not possible. If H is isomorphic to
A4, As, or S;, then for each he H, the element u=tr(h)?/ det(h) is equal to 0,1, 2,4, or
satisfies ©? — 3u+ 1 = 0; this follows from [34, Section 2.6], although in [34] this is stated
for prime fields. Hence (v) is not possible by (29) and (30). Finally, to exclude (iv) we argue
as in [34, p. 284]. If H is cyclic or dihedral, then py r(Gr) is contained in a normalizer of
a Cartan subgroup of GL,(IF,). But the trace of py r(Frob,) is nonzero by (24), and by (28)
there is p for which d,(¥) is not a square; this leads to a contradiction as in [34].

To prove that py, 7(Gr) = PGLy(Fy) when g= h9~! for some nonconstant h € A not
divisible by any prime of degree 1, except possibly T, one can use the same arguments

as above, based on the calculations (below, p =T — cwith ce qu)
det(py,r(Froby)) = (=Dh(c) 9"NT — ¢)=ceF},

tr(py,r(Froby)) = =-1le€ IE‘;.

__
h(c)a—1

As we mentioned in Section 1, Part (c) of Theorem 5 follows from the main result
in [1]. Finally, for a Drinfeld module ¥ producing f; in Part (b) or (c), the Chebotarev
Density Theorem implies that the Dirichlet density of

{pePy:by1(¥)=0 (modT)}={pePy: f, splits completely modulo p}

: 1
exists and equals FPCL Ty
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4 Reductions of Drinfeld Modules: Proof of Theorem 6
4.1 Preliminaries

The proofs of the following two lemmas are elementary and are left to the reader.

Lemma 12. Let y>1 be an integer. Then:

. yHl_
M) > pear 1= %jl;
O<degm<y

.o y+l_q
(i) Y ,ecav degm< chk1 . =
0<degm<y

Lemma 13. Let y> 3 be an integer and let « > 1. Then:

(i) Z acA M}Egaz
dega>y 4

‘s logdega logy
(11) Zde?gea‘iy gvdega = (a—1)g@Drlogq +

(1= ghp)ge b

1 .
Y@—D)2qeDr(log q)2 * provided that

(¢ —1)ylogglogy>1. O

Lemma 14. Let he A\F,; and t4(h) :==) 4,0 1 its divisor function. Then, for any ¢ > 0,
dh

ta(h) < |hl5,. O

Proof. Over Z, this is a well-known result (see, e.g., the proof in [17, p. 344]). Over A, one
can prove the result essentially in the same way. We include the details for completeness.
Consider the prime factorization h=u[[,, ¢* of h. Then
ta(h) a+1 a+1 a+1 a+1 a+1 a+1
= = . < . < .
Ihis, 1;1[ elss 1;1[ 12 1;1[ ez~ 1[,_,! eles ﬂ e l;l[ eles
lelo<2F =27 €o<2? [0]oe>2F [0 <27

Observe that
aelog2 <exp(aeslog2)=2" <|€|3,

therefore

o 1
<

|t ~ elog2’

We thus obtain

oz+1< 2 “ex 2
lelee = elog2 — " Plelog2)”
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This gives

a+1 2 1 2 q2:
H <exp| —— #{{|h: |l <2¢} | <exp . ,
ol [e]«e ¢log2 clog2 g-1
|l <2t

a constant in g and ¢. |

Now let us fix ae A\F, and, as before, consider F,:= F(ylal) and J, C F, intro-
duced in Part (c) of Theorem 4. This field may also be understood by considering the
composition of py , with the projection on to PGL,(A/aA). Indeed, this composition leads

to a Galois representation
Py.a: Gy —> PGLy(A/aA)
satisfying
J, = (F5P)Keriva,

(Note that we have already considered the special case py r in the proof of Theorem 5.)

In what follows, we recall some more properties of the extensions F,/F and J,/F.
Theorem 15.
(i) The degrees of the fields of constants of F, and J,, that is,
CFa = [Fa N Fq . ]Fq],
) (31)
cj, =[Ja NEFq:Fyl,
are uniformly bounded from above in terms of . That is,

Cj, <Cp, <C(¥)

for some constant C () € N\{0}.

(ii) The genera gg,, g;, of Fg, J, are bounded from above by

91, = 9r, = G(Y)#GLz(A/aA) dega

for some constant G () € N\{0}.
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(iii)

(iv)

(v)

(vi)

The degrees of F,/F, J,/F are bounded from above by

[Fo: F] <#GL2(A/aA),

[J,: F1 <#PGLy(A/aA).

Assume that End;(y)=A. There exists M(y)e AY such that,

(@, M(y)) = 1, then
Gal(F,/F)~ GL,(A/aA),
Gal(J,/F) ~PGLy(A/aA)
and
cr,=cCy, =1,

if a arbitrary, then

4
lal3,

F,:Fl<|a*,
logdega+loglogq<<w[ a: Fl=lals,

3
lals,

Jo:Fl<lal®..
logdega + logloggq Ky a: Fl<lals

Assume that End;(y) # A. Then

|al3,
logdega+loglogg

&Ly [Fp: F1<y lal?,

@l
logdega+loglogg

Ly [T F1 Ky 1Al o
For xe N, let

IT)(x, Fo/F):=#{p € Py : pta, degp =x, p splits completely in F,},

I (x, J,/F) :=#{p € P, : pta,degp = x, p splits completely in J,}.

Then
My, FayFy = 29 & (2 ge04).
[F,:F] x X
c,(x) q* q:
M(x, J ) F)=—2".2 L 0o,(%14d ,
o T/ F) = Tt w(x ega

if
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where
CF,
Cr,(x):=
0
CJ,
Cj, (%) :=
0

a

a

if CFa|X,

else,

if CJulX,

else.

7807

(vii) Let C, C be conjugacy classes in Gal(F,/F), respectively, in Gal(J,/F).

Denote by az, as, respectively, a positive integer such that, for any o €
Gal(F,/F), Gal(J,;/F), respectively, the restriction of o to F,N ]Fq, J ﬂFq,

respectively, equals the corresponding restriction of t%, t%, respectively.

For xe N, let
Mz (x, Fo/F) :=#{pePy:

Ia(x, Jo/F):=#{pePy:

Then
cr,(x) - #C
I (x, Fy/F) = F[F—F]
cy,(x) - #C
Mg (x, Jo/F) = J[J—F]
T
where
CF,
Cr,(X) =
0
Cy,
cj (%)=
0

.qX

pta, degp=x,0, S C},

pfa, degp=x, o, g(:‘}.

X

~q;+0¢((#0_)%q§dega),

-+ 0y((#C)iqF dega),

if cp,|x — ag,

else,

if ¢j,|x — ag,

else.

(32)

(33)

Note that this notation generalizes the one in Part (vi). Moreover, note that,

Part (vii) holds also for unions of conjugacy classes.

O

Proof. For Part (i), see [16, Remark 7.1.9]. For Part (ii), see [13, Corollary 7]. Part (iii) fol-
lows from the injectivity of the residual representations Gal(F,/F) — GL2(A/aA) and
Gal(J,/F) — PGLy(A/aA). The claims about Gal(F,/F), Gal(J,/F), [F,: Fl, and [J,: F]

in Parts (iv) and (v) can be derived from the main results of [32], as explained in
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[8, Section 3.6]. The fact that ¢y, =c;, =1 then follows from Proposition 16 below. Parts
(vi) and (vii) are applications of the effective Chebotarev Density Theorem of [29], as well
as of the prior parts of Theorem 15; see [6, Section 4, 8, Section 4] for more details. That
Part (vii) holds also for unions of conjugacy classes can be seen by modifying the proof

in [29] by using the techniques of [28, Section 3]. |

Proposition 16. Let A=TF,[T] and F =F4(T). Let ¢ : A— F{r} be a Drinfeld module of
rank r defined over F. Assume ¢ has good reduction at the primes dividing a€ A and
Gal(F,/F) = GL,(A/aA). In addition, if r =2, assume g is odd. Under these assumptions,

the extension F, of F is geometric, that is, I, is algebraically closed in Fj,. O

Proof. Let aA=[];p] be the prime decomposition of the ideal aA. Since there is an

isomorphism of groups

GL,(A/ad) = [ [ GL(A/p).

the commutator of GL,(A/aA) is the direct product of the commutators of GLr(A/pf-"). On
the other hand, since the set of nonunits in A/p; forms an ideal, according to [27] we
have

[GL-(A/p]). GLr(A/pi)] = SLy(A/p}).
(Here we implicitly use the assumption that if » = 2, then q is odd.) This implies that
[GL,(A/ad), GL,(A/aA)] = SL,(A/aA). (34)

We also have the exact sequence

0 SL,(A/ad) — GL,(A/ad) %% (4/an)* — 0. (35)

By assumption, Gal(F,/F)=GL,(A/ad). Let K be the subfield of F, fixed by
SL,(A/aA). Let F be the algebraic closure of F,; in F,, and let F'=FF. The extension
F'/F is Galois with Galois group isomorphic to Gal(IF/Fy); in particular, it is cyclic. Due
to (34), the field F’ must be a subfield of K, as Gal(F'/F) is a quotient group of Gal(F,/F)

which is abelian. Thus, it is enough to show that K/F is geometric.
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There exists a Drinfeld A-module ¢ of rank-1 defined over F such that there is
an isomorphism of Gal(F*?/F)-modules (cf. [37])

¢>[a]§/\1/f[a].

Thus, F(¢lal) is the subfield of F, fixed by the kernel of the determinant on GL,(A/aA).
Therefore, due to (35), K = F(¢lal) and Gal(F (¢lal)/F) = (A/aA)*. Since ¢ has good reduc-
tion at the primes dividing a, the same is true for ¢. Finally, by [18, Proposition 5.2],
F(¢lal)/F is geometric. |

Remark 17. In general, a composition of geometric extensions need not be geometric, so

in the previous proof we cannot immediately reduce to the case when aA =p*. d

4.2 Proof of Part (a) of Theorem 6

Let
By, x):=#{pePy:degp=x, Ey, = Alr, ()]} (36)

Our goal is to derive an explicit asymptotic formula for B(y, x), when g is fixed and

x — 00. We start with the simple remarks that
By, x) =#{p € Py : degp=x, by () = 1}
=#pePy:degp=x, L1b,(Y) VL € AV}

= Y ua(mp#lpe Py :degp=x,m|by,(y)},
meA®D
where in the first line we used (13).
An essential aspect in the asymptotic study of such sums is that of determining
the range of the polynomial m € AV under summation as a function of x. By combining
the property m | b, () with (15), we obtain

m? | (a,(¥)? — 4u, (Y) p).

Upon recalling (8) and using that degp = x, we deduce that degm < 7. Thus

B, x)= Y na(my#lpePy:degp=x,m|by(y)}.

meAY
X
degm=<3
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By Theorem 1, the extension J,,/F has the property that, for any p = pA e Py with
(p’ m) = 1’

m | b, (¢) if and only if p splits completely in J,. (37)

(Note that, if degp = x and deg m < 7, then the generator p of p is coprime with m; hence

p is unramified in Jp,.) Consequently, we can write

B, x)= Y namIh(x Jn/F)+ Y pa(m)#{pePy,:degp=x,m|b,(¥)}, (38)

me AV meA®
degm<y y<degm<3

where y= y(x) is a parameter to be chosen optimally later as a function of g and x, and
IT(x, Jn/F) :=#{p € Py : (p,m) =1, degp =x, p splits completely in J,,/F}.

The splitting of B(v, x) in two sums is guided by the natural strategy of using
an effective version of the Chebotarev Density Theorem, and by the limitation of this
tool for our problem. In particular, the Chebotarev Density Theorem can be used only
for estimating the first sum on the right-hand side of B(y, x) above, while other methods
must be developed to estimate the remaining sum. These latter methods constitute the
heart of the proof.

4.2.1 The main term of By, x)

For y= y(x) < 7 a parameter, we focus on

By, x,p):= Y pa(mIhi(x Jn/F).

meAD
degm=<y

By Part (vi) of Theorem 15, this becomes

x

pa(mycy, (x) q* q:
By (¢, x, y) = E T Fl -;-{-OW E ;degm
meAY m meAV squarefree
degm=<y degm=<y

-y pam)cs, (x) q* 3 pra(m)cs, (x) g~
o [T : F1 X [ : Fl X

meA® me AWM
degm>y

+0y(q2™),

where, in the last line we used Part (ii) of Lemma 12.
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To estimate the middle term, we use Parts (i) and (iv) of Theorem 15, as well as

Lemma 13, and obtain

)3 na(mycy, (%) ) log degm + loglog g log y

. v 3degm 2 '
meAY [+ F meAY squarefree q q YIqu
degm>y degm>y

In summary,

pamycy, (x) g*

L4 0,(@) + 04 (@),
0 F] X+ w (@) + 0y (g Y)

Bl(wvx’ Y)z Z

meAD)

4.2.2 The error term of B(y, x)

For y= y(x) < %, we focus on obtaining an upper bound for

B, x,y):= ) pamy#pePy:degp=xm|b,¥)}.

meAWY
y<degm=<3

By (15),
m|by(y) = m? | (a()* - 4u,(Y)p).
Thus there exist f, g€ A with g squarefree such that
a,(¥)? — 4u, (Y) p=m’ f*g.
Upon relabeling h:=mf, we obtain that

Ba(¥r,x,y) <q Z ta(W)#{p € P, : degp = x, 3g € A squarefree such that

heA
y<degh<%

a(¥)? — 4u, () p=h’g}.
The above range for deg h is determined simply from
degh=degm + deg f,
hence from

degh>degm >y,

(39)
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and also from

R? | (a,(¥)? — 4u, (V) D),

hence from
2degh<deg p=x,

after recalling (8).

Using Lemma 14, we deduce that

Ba(Y, x, y) Ke ¢°F Z #{p € Py : degp=x, Ig € A squarefree such that

heA N
y<degh<3

a,(¥)? — 4u, (y)p=h’g).

Note that the factorization a,(¥)? — 4w, () p=h?g is unique up to the multipli-

cation of g by a square in F;. As such,

Bo(¥,x,y) <@ Y. #lpePy:degp=x 9(a,y) - 4u,(¥)p) is a square in 4}

g€ A squarefree
deg g<x—2y

=q* > S

ge A squarefree
deg g<x—2y

The range of deg g above is obtained once again using (8):

2degh+degg<x = degg<x—2degh<x—2y.

To estimate Sy(1/) we rely on the function field analog of the Square Sieve proved

in [6, Section 7] and in Part (vii) of Theorem 15. Specifically, we use the resulting bound
Sy(¥) < % (x+ deg g) + q* x(x + deg g)? (40)
(which we will prove shortly) and deduce that

Ba(, X, ) Ky q ¢ TR, (41)

Now let us prove (40); our arguments use tools from [6, Sections 7, 8] and are

included in detail for completeness. We recall the Square Sieve for A.
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Theorem 18. Let A be a finite multiset of nonzero elements of A. Let P be a finite set of

primes of A. Let
S(A) :={ae A:a=D>b?for some b e A},
and for any a € A define

vp(a):=#{LeP:L|a}.

Then
#S(A)<ﬁ+ma Z ) (& Z @+ —= Z (@)?.
7) [1 (ZzE'P 61 62 UP (#7))2 VP |:|
040, lacA acA
We apply Theorem 18 in the setting
A:={g(a,(¥)* — 4w, () p) 1 p € Py, degp = x)
and

P:={¢e A: L prime, degl =06}

for some parameter 6 = 6(x) < x, to be chosen optimally later.

We obtain
#A g(a,(¥)?* —4u,(Y)p) \ (9 (a,(¥)* — 4u, (V) p)
S = 35+ ma,| ) ( 4 o
W s

2
+ a5 > vp(gay(h)? —4u@(1/f)p))+(#7))2 > vp(g(ay(¥)? — 4u, (¥) p)*.

pePy pePy
deg p=x deg p=x
(42)
On one hand, by the Prime Number Theorem for A,
#A 40
. 43
#73 =4 X 43)

On the other hand, by noting that, for any a € 4, vp(a) <dega, and by using (8),

we deduce that, for primes p of degree x,

P (9 (a () — 4u, () p)) < x + degg.
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We infer the estimates

2 0
2 P a(@W)’ —4u)p) <q' (x+degg), (44)
dggflx
92
— vp(g(a,(¥)? — 4u, (Y p)? < ¢ % —(x + deg g)*. (45)
#P) very X
deg p=x

Now let ¢;, ¢, € P be distinct primes such that (¢,¢2, M(y)) =1, where M(y) €
AW was introduced in Part (iv) of Theorem 15. (Note that, by choosing x sufficiently
large, hence, as we shall see, by choosing 6(x) sufficiently large, we can ensure that this

condition holds.) We define

Ti =Ti(41, £2) :=#{p Py :degp=x,

a(¥)* — 4u, () p <a»p(1ﬂ)2 - 4%(!#)19)
12

T, =Ty(t1, &) == # | pe Py :degp=x “*’(‘”)2_4”*’(‘”)1”) <%(‘l’)2‘4%(‘”)p)

}
i

a(¥)? — 4up(1ﬂ)p) (ap(lﬁ)z 4%(¢)P> }

2
Ty =T3(6, o) :=#1p e Py degp=x. (%(w) —4u,(Y)p

To=Ta(l1, £2) :=#{p € Py :degp =X,

(
(
<%(¢)2 4u, (Y)p _
(

and

C1y

||
>

o trgi)? — 4det (trgz)? — 4 det
161, 2) = (gl,gz)ePGLzm/elezA):(( g1 o gl)=( 92 - 92) -1,

A . o (trg1)? —4det (trgz)? — 4det
Ca=Ca(ty, £2) = (gl,gz)ePGLz<A/elezA):< Z o gl>=( 92 o 92) - 11,

O o (trg1)? — 4det (trgg)? — 4 det
C3=C3(l1,£2):= gl,gz)ePGLz(A/MzA):( 91 o gl)z—( 92 7 921 _1 1,

N R o trg;)% — 4det trgy)? — 4 det
4 =Calty, bo) = (gl,gz>ePGLz<A/elzzA):<( 91 = 91)=—<( 92) - 92>=—1},

where g denotes the projective image of a matrix g e GL2(A/¢1£2A).
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On one hand, we have

2_4 2
S (g(apw) - %<w>p)) <g(%(w)

pePy
degp=x

= (%) ((2) (i +T—T—Ty). (46)

On the other hand, by Parts (v) and (vii) of Theorem 15, for each 1 <i <4 we have

— 4u,(Y) p)
12

T, = Mg, (%, Joye,/F) = st T+ 0, (#C0) ) q? deg(tr b)) (47)
PTG e ) S G, (A A) x| v DT Gesthit))

Easy counting arguments imply that, for any prime ¢ € 4,

#PGLy(A/LA) = €] (€%, — 1),

((trg)2 —4 detg)

14

|
—

# {Qe PGLy(A/CA) :

2 _ 3
#{gwmxmzm:(W)z—l} |£ +0(¢]%).

} % + 0(¢1%),
2

Therefore, for each 1 <i <4,

AT €213, 1611316213,
#ci=< 12°°+0<|61|§o) 22 +0(€21%) %+0<|el|§o|zz|§o<wl|oo+|ez|oo>),

where the O-constants are absolute. Consequently, by (47), for each 1 <i <4 we have

=

1€113,1€21%, q* 40 <I€1|oo + [£2] CIX>

401612, — (622, - 1) x 1€1loolloloe X

3 3 x
+0y (111216215 - @ logy(leslo + I£z2le0))

By plugging these estimates into (46) and recalling that [¢1]. = |€2]cc =q°, We

obtain

x—0

Sty Ly +q:"%9. (48)

Then, by combining (42) with (43)—(45) and (48), we obtain

6 . 62
Se(¥) <y q"“’)—{ (x+degg) +q2"0 + q"‘za;(x + deg g)°.
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We now choose

and conclude that
Se(¥) <y q° (x+ degg) + 7 x(x + deg 9),
justifying (40).

4.2.3 Conclusion

By putting together (38), (39), (41), and by choosing

(x) 1= 11x
b'g
V&= oa
for any arbitrary ¢ > 0, we obtain that
B(Iﬁ, X) _ Z MA(m)CJm(X) . q_X + O]l/Fg (q%+X£X3> . (49)
[Jy : F] X "

meAD

4.2.4 Dirichlet density

To determine the Dirichlet density of the set {p € Py :b,(¥) =1}, we make use of the

asymptotic formula (49). In particular, for s > 1 (with s — 1), we have

Z q—sdegp _ Z q B, x)

x>1

pePy
by (¥)=1

_ Z MA(m) Z q(l S)XCJm +O¢F£ (Z q(24+5 S)X)

meA®D m ’ x>1
CJm‘X
23
MA(m) q(l $)jCom q*JrE*S
= Z % 'F]Z 7 + Oy Fe D S
meaw M 1- q>
23
N«A( ) _ qutes
- _ Z 0 l—q(l S)CJm)+01//’FY6 (W .
mea® UM l—g=

Upon taking the quotient with —log(l —g¢'~%) and the limit s— 1+, we obtain

> mea® Thip] 7 F] We include some details for the limit of the first quotient: with c:=c;,
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and upon applying I'Hospital, we obtain

1 _ gl-9c (1-s)c(1 _ Al-s
im og(l—q ) _ lim 4 (1—-g )
s—>1+ log(l —q'~%) s—>1+ g 7s5(1 — g =99
q(C—l)(l—S)

. c
=clim g T q20-9 { @309 ... f gle-h-s) ¢ L

The limit of the second quotient is 0.

4.3 Proof of Part (b) of Theorem 6

With notation (36), we write

By, x) =#{p € Py : degp = x, p ordinary, E, , = Alr, ()]}
+ #{p € Py : degp = x, p supersingular, Ey , = Alr, (¥)]}

=:B°(y, x) + B¥ (Y, x). (50)

We will estimate each of the two terms above separately.

4.3.1 Ordinary primes

Let p € Py, be an ordinary prime for . First of all,
End;(¥) ®a FCEy, ®4F,

so using, the assumptions that p is ordinary and that End;(y) is a maximal order in K,

we deduce that
Ew.’p ZO]/,’p ’ZE_']/,’p ZEndF(Iﬂ) (51)

In particular, the discriminant A of Endj; () equals A(Ey ) and so, by (15), there exists
8 € A, independent of p, such that

and

ay () — 4u, () p= Db, (¥)?5.
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Consequently,

2
1)
by(¥)=1 & upw)p:(%d’)) -2 (52)

Recalling (8) and using Part (i) of Lemma 12, we deduce that there are at most O(g?)

possible g, () € A. Also, there are at most g — 1 possible choices of §. Thus, by (52),

B°(¢r, x) € q2. (53)

4.3.2 Supersingular primes

Let p € Py, be a supersingular prime for 4. In other words,

a,(Y)=0 (54)

(cf. [38, Proposition 4]). By using this in (15), we deduce that —4u, () p=b,(¥)%5,(¥),
which implies b, () = 1.

Under the assumption End;(y) ® 4 F ~ K, we also have that any supersingu-
lar prime p for v is either ramified or inert in K. Indeed, K @ F, is a subalgebra of
E,, ®a F,. Butif p is a prime of supersingular reduction, then E; , ® 4 F, is the division
quaternion algebra over F,. This implies that K ®p F, is a field, which itself implies that
p does not split in K. Combining this with the Chebotarev Density Theorem for K, we
deduce that

cx(x) q*

BE(, 0 ==, -;+0K<q%>. (55)

By putting together (50), (53) and (55), and by a similar calculation as in
Section 4.2.4, we complete the proof of Part (b) of Theorem 6.

4.4 Remarks

(i) A natural question to ask is whether the Dirichlet density in Part (a) of Theorem 6 is
positive. This question is related to a good understanding of the constant M(y) intro-
duced in Part (iv) of Theorem 15, and, in particular, to an understanding of effective
versions of the Open Image Theorems for Drinfeld modules proved by Pink and Riitsche

[32]. We point out that, unlike the situation for elliptic curves (cf. [5], where any elliptic
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curve over Q with rational 2-torsion gives rise to a zero density of reductions with small
endomorphism rings), there is no immediate obstruction for a Drinfeld module ¢ to have
a positive Dirichlet density for {p € Py : Endr, (¥ ® Fp) = Alr, (¥)1}. In [40], Zywina gives
an example of a rank-2 Drinfeld F4[T]-module ¢ over F,(T) for which the residual rep-
resentations py , are surjective for all a € A and for which ]Fq NF(ylal) =F, for all aec A.
It is easy to see that for this particular ¥ the Dirichlet density in question is indeed
nonzero.

(ii) As already emphasized in Corollary 3, the condition b,(y¥) =1 implies that
VF, is A-cyclic. The reductions of y giving rise to a cyclic A-module have been studied
in several works, for example, [8, 20, 21, 23]. An outcome of Part (b) of Theorem 6 is that,
for any rank 2 Drinfeld module ¢ whose endomorphism ring is the integral closure of A
in a quadratic imaginary extension of F, there is a density > 0.5 of primes which give rise
to reductions of  with A-cyclic structures. This is to be contrasted with the situation
for elliptic curves (see [7]), where such a result is not true: there exist CM elliptic curves
over Q (in fact, any CM curve with a rational 2-torsion) which have no reductions with
cyclic structures; moreover, for CM elliptic curves over Q with no rational 2-torsion one

cannot always ensure a density of > 0.5 of cyclic reductions.

5 CM-Liftings of Drinfeld Modules
5.1 CM-liftings of abelian varieties

To motivate the discussion and definitions in the setting of Drinfeld modules in
Section 5.2, we first recall what is known about CM-liftings of abelian varieties.

Let B be an abelian variety of dimension g defined over a field K. Following [30,
Definition 1.7], we say that B has sufficiently many complex multiplications (or is CM,
for short) if End(l){(B) :=Endg(B) ®z Q contains a commutative semi-simple algebra L of
dimension 2g over Q. If B is simple, then L is necessarily a CM field, that is, a totally
imaginary quadratic extension of a totally real field.

Let By be an abelian variety over a field k of characteristic p. We say that B is a
CM-lifting of By if there exists a normal domain R with fraction field K of characteristic
zero, a ring homomorphism R — k, and an abelian scheme B over R such that B ®r k= By
and B=B ®gr K is CM.

The earliest result about CM-liftings is a well-known theorem of Deuring.

Theorem 19. Let Ej be an elliptic curve over a finite field k. For any f; € Endg(Ey) gener-

ating an imaginary quadratic field L C Endg(Eo), there is an elliptic curve E over the ring
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of integers R of a finite extension of Q, equipped with an endomorphism f e Endx(E)
such that (E, f) has special fibre isomorphic to (Ey, fp). O

Proof. See Theorem 1.7.4.6 in [4]. [ |

Next, as part of his proof that Tate's map from the isogeny classes of abelian
varieties over a finite field to the Galois conjugacy classes of Weil numbers is surjective,

Honda proved the following theorem.

Theorem 20. Given an abelian variety By over a finite field k, there exists a finite exten-
sion k C k' and an isogeny By ®; kK — Cq defined over k' such that Co has CM-lifting. [

Finally, in the recent monograph [4] the authors show that both the isogeny
and the field extension in the previous theorem are necessary for the existence of CM-

liftings.

Theorem 21.

(@) For any g> 3, there exists an abelian variety over IF‘p of dimension g
which does not admit CM-liftings. Hence the isogeny in Honda's theorem is
necessary.

(b) There exists an abelian variety By over a finite field k such that any C, isoge-
nous to By over k does not admit a CM-lifting. Hence the field extension k'/ k

in Honda's theorem is necessary. O

5.2 CM-liftings of Drinfeld modules

As at the beginning of Section 1, let F be the function field of a smooth, projective,
geometrically irreducible curve over FF,. Fix a place oo of F, and let A be the subring of
F consisting of functions which are regular away from co.

Let R be a discrete valuation ring with maximal ideal m and field of frac-
tions K. Assume K is equipped with an injective homomorphism y: A— K, so the
A-characteristic of K is 0. A Drinfeld A-module over R of rank r is an embedding
¥ : A— R{t} which is a Drinfeld module over K of rank r, as defined in Section 1, and
such that the composite homomorphism v : A— R{t} — (R/m){r} is a Drinfeld module
over R/m, again of rank r; cf. [19, Definition 7.1]. We say that ¢ has CM if Endg (/) ®4 F

is a field extension L of F of degree r. (Note that L is imaginary.)
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Let k be a finite field with A-characteristic p. Let 1/ be a Drinfeld A-module over
k. We say that 1o has a CM-lifting if there exists a discrete valuation ring R with residue
field k, and a CM Drinfeld module ¢ over R such that ¢ is isomorphic to y over k.

Let g" be the cardinality of k. Let 1/ be a rank-r Drinfeld A-module over k. Denote
E =Endi(y) and D=E ®,4 F. It is clear that 7 :=t" € E. Let F := F(r) € D. The follow-

ing is known about D and F (see [38, Theorem 1]):

e The degree of F over F divides r. Let t:=r/[F : F].

e There is a unique place 3 of F which is a zero of 7 and there is a unique place
ooy of F which is a pole of 7. Furthermore, % lies over p, and 00 is the unique
place lying over oo.

e D is a central division algebra over F of dimension t?> with invariants

1/t if v =",
inv,(D)={ -1/t ifv=o0p,
0 otherwise.

By [33, Theorem 7.15], the maximal subfields of D are those which have degree r
over F, and any such field contains F. Let L be a maximal subfield of D. Denote by A
be the integral closure of A in L and put A= E N L. We say that L is good for v if the

conductor ¢ of A as an A-order in A; is coprime to p.

Theorem 22. If L is good for v, then the Drinfeld module vy has a CM-lifting ¥ such
that Endg(y) ®4 F =L. O

Proof. We can consider v as an elliptic .A-module of rank 1 defined over k:
Vot A— kft}).

The restriction of ¥ to A is the original module . By [16, Proposition 4.7.19] or [19,
Proposition 3.2], there is a Drinfeld A;-module ¢ of rank 1 over k, whose restriction to
A is isogenous to v over k. Restricting ¢, to A we get a Drinfeld A-module ¢¢ of rank
r. The fact that ¢ and ¥, are isogenous implies that there is an isogeny i : ¢9 — ¥ over
k. Moreover, since by assumption ¢ is coprime to p, we can choose i so that the group-
scheme ker(i) has trivial intersection with ¢g[pl; cf. the proof of Proposition 4.7.19 in [16].
Now the deformation theory of Drinfeld modules implies that ¢; lifts to a rank-1 Drin-
feld Ar-module ¢’ over a discrete valuation ring R whose field of fractions has zero A-

characteristic; see [26, Section 3.1]. Restricting ¢’ to A we get a rank-r Drinfeld A-module

9102 ‘2 Afenige uo AISIBAIUN SIS BIUEA|ASULRd e /B10°S[euInopoxo-u.wi//:dny woJ) papeojumod


http://imrn.oxfordjournals.org/

7822 A. C. Cojocaru and M. Papikian

¢ over K with CM by L, whose reduction is ¢q. Since ker(i) is étale, [26, Corollary 2.3 on
p. 42] implies that the kernel of i lifts to an A-invariant submodule H C Y K%®° which
is also invariant under Gal(K*°?/K). (Note that H is not necessarily A;-invariant.) By
[16, Proposition 4.7.11], there is an isogeny ¢ — v defined over K whose kernel is H. It is
easy to see that A C Endg(¢), and the reduction of ¢ is v, so  is the desired CM-lifting
of . |

Corollary 23. Any Drinfeld module v is isogenous over k to some Drinfeld module ¢
having a CM-lifting. O

Proof. This is clear from the proof of Theorem 22. |

Proposition 24. In the following cases any maximal subfield L is good:

(1) o is supersingular.
2) r=2. O

Proof. Note that 3 does not split in the extension L/F. By Corollary to Theorem 1 in
[38], Ay is a maximal A, order, so the conductor ¢ is coprime to ‘8. The Drinfeld module
Vo is supersingular if and only if 9 is the only place of F over p; see [25, (2.5.8)]. These
two facts imply the first claim. Now assume r = 2. Then either v, is supersingular or F
is a separable quadratic extension of F and p = P splits in F. In the second case L = F,
and if f(x) =x* —ax+ b=0 is the minimal polynomial of 7 over F, then a ¢ p. Note that
f'(r)=2n —a=mn — 7 is divisible neither by 8 nor B, so Alrx] is maximal at p; the same
then is true for E = A. [ |

By the previous proposition, if r = 2, then any L is good. Since any fj € E, which
is not in A, generates a maximal subfield, we conclude that (v, fy) has a CM-lifting, in

direct analogy with Deuring’s Theorem 19. This proves Theorem 7 in Section 1.
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