THE DISTRIBUTION AND GROWTH OF THE ELEMENTARY DIVISORS OF THE
REDUCTIONS OF AN ELLIPTIC CURVE OVER A FUNCTION FIELD

ALINA-CARMEN COJOCARU AND ARPAD TOTH

ABSTRACT. Let K be a global field of characteristic p > 5 and let E/K be a non-isotrivial elliptic curve.
For places v of K of good reduction for E, let E,/k, be the reduction of E modulo v. Then E,(ky) =~
Z/dyZ X 7.]dveyZ for positive integers dy, €y, uniquely determined by E and v. We study the distribution

of d,, and the growth of d,e, as v varies over places of degree n and n — oo.

1. INTRODUCTION

Let K be a global field of characteristic p > 5 and genus gk, and let F, C K be the algebraic closure of
F, in K. We denote by Vi the set of places of K; for v € Vi, we denote by k, the residue field of K at v,
and by degv := [k, : F,] the degree of v.

Let E/K be an elliptic curve over K with j-invariant jg ¢ F,, which we shall standardly call non-
isotrivial. We denote by Vg, the set of places of K for which the reduction E,/k, is smooth, and by

|VE/K| = Z degv. From the theory of elliptic curves we know that E,(k,) ~ Z/d,Z x Z/d,e,Z for

vEVe /K
nonzero integers d,, e,, uniquely determined by £ and v. We call the integers d, and d,e, the elementary

divisors of E,. Clearly, the product d,e, is the exponent of the group E,(k,) (that is, d,e, is the smallest
m € N\{0} such that mP = O for all P € E,(k,)).

The purpose of this series of papers is to study questions about the distribution of the places v € Vg, g
for which E,(k,) is a cyclic group. Such questions have been vastly investigated for the reductions of an
elliptic curve defined over Q (e.g. in [BaSh], [Col], [Co2], [CoMu], [GuMu], [Mul], [Mu2], [Se]), mainly in
relation with the elliptic curve analogue of Artin’s primitive root conjecture formulated by Lang and Trotter
in [LaTr]. This latter conjecture was investigated in the function field setting F/K by Clark and Kuwata
[CIKu], and by Hall and Voloch [HaVo] (see also Voloch’s work on constant curves [Vol], [Vo2]). In [CIKu], a
particular emphasis was placed on the study of the cyclicity of E,(k,). Unfortunately, the arguments given
in their paper are incomplete and also contain some errors, as we will point out in Remark 16 of Section 4.

In this paper we obtain an explicit asymptotic formula for the number of places v € Vg, of fixed degree,

for which E,(k,) is cyclic, or, more generally, for which d, is fixed. Our result not only sharpens the one in
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[CIKu], but also has it as a direct consequence. Additionally, we determine the growth of the exponent of
E,(k,) and prove a result similar to its rational counterpart obtained by Duke in [Du]. More precisely, we

show:

Theorem 1. Let K be a global function field of characteristic p > 5 and let Fy C K be the algebraic closure
of Fp, in K. Let E/K be a non-isotrivial elliptic curve. Let d € N, (d,p) = 1. Then the following statements
hold.
1. Let n € N\{0} and let
Ve/k(n) :={v € Vg/k : degv = n}.
Assume that d|q™ — 1 and d < q% + 1. Then, ¥V € >0 3c(K, E,¢) > 0 such that

(249)
<c(K,E,¢) ,
n

#{v € Vg/k(n) :d, =d} —(E/K,d, n)%

where
Dy A ordan(e)
(m,p)=1
dmlqg™—1

p(m) is the Mébius function of m, K(E[dm]) is the division field of E of level dm, and ordgm(q) is
the multiplicative order of ¢ modulo dm.
2. The Dirichlet density of the set {v € Vg, : d, = d} exists and equals

’_ pu(m)
SBIKd) = ), it TR

m>1
(m,p)=1

3. Let f:[5,00) — (0,00) be such that f (n) < q* +1VYn and lim f(n) = co. Then 3c¢(K,E) > 0
n—0oo
and Ve > 0 Jc¢(K, E, €) such that

V d (A Gl PPNt R SR i
#{ve Vi sdue, > Tt - T < e B el B ) T
4. Let f : [5,00) — (0,00) be such that f(n) < ¢z +1 VYn and lim f(n) = co. Then the Dirichlet

n—oo

B deg v )
density of the set {v € Vi k : dyey > m} exists and equals 1.

The proofs of the above may be summarized as an application of the following emerging Chebotarev type

result:

Theorem 2. Let K be a global function field of characteristic p > 5 and let Fy C K be the algebraic closure
of Fp in K. Let E/K be a non-isotrivial elliptic curve.
Let n € N\{0}. Then Ve >0 3c(K, E,¢) such that

. n n(3+e)
Z #{v € Vig/x(n) : v splits completely in K(E[m])/K} — 6" (E/K, n)q— < C(K,E,s)q i )
m>1 n n
(m,p)=1

m|q™—1



where

: dim(q)
ST/ K )= Y e

(E/ ) et [K(E[m)]) : K]
(m,p)=1
mlgm™—1

Overall, these theorems exemplify, once again, the stimulating parallel between number fields and function
fields. However, in some ways, the situation over K versus that over Q is much easier. For once, the results
are unconditional (thanks to Weil’s Riemann Hypothesis [We]). Moreover, the proofs of parts 1 and 3
of Theorem 1 (essentially, of part 1 of Theorem 2) are direct applications of the effective version of the
Chebotarev density theorem, which is a particular feature of E/K and does not happen for E/Q (or even
for rank 2 Drinfeld modules [CoSh]). This special feature is a consequence of the properties of the division
fields of E/K, reviewed in detail in Section 2. The divergent difficulty when investigating E/K versus E/Q
occurs in the study of the positivity of the densities §(F /K, d), on which we will comment in Section 4.
More remarks regarding the comparison between the two situations are also included in Section 4. Finally,
our restriction on characteristic p > 5 is for simplification of the presentation of the proofs, as we will point
out in Remark 5.

Notation. In what follows, p and ¢ are fixed, and F,,F,, K, E/K are as above. We denote by F, an
algebraic closure of Fy, by ¢ a rational prime, and by d, k,m,n positive integers. We denote by ord,,(q)
the multiplicative order of g(modm). For positive integers m,ma, we denote by (mi,m2) their greatest
common divisor, and by [mq, mo] their least common multiple. We denote by 7(k) the divisor function and
by ¢(k) the Euler function of k. In other words,

(k) =#{1 <K <k:Klk} =[] G+,

£3||m

o(k) ::#{1§k’§k:(kz,k’):l}:kH(l—2).

ok
We also define

(k) =k]] <1+2>.

elk
We recall that GLy(Z/kZ) denotes the general linear group, SLo(Z/kZ) the special linear group, and
#SLo(Z/kZ) = ko(k)y(k). For two functions f,g : D — R, with D C C and g positive, we write
f(z) = O(g(z)) or f(x) < g(z) if there is a positive constant ¢ such that |f(z)| < cg(x) for all z € D. If ¢
dependsf?n)another specified constant d, we write f(z) = Oq(g(z)) or f(x) <4 g(x). We write f(z) ~ g(z)
x

if im —% =1.
z—o0 g(x)

2. PRELIMINARIES

2.1. Division fields of E/K. Let K and E/K be as in Section 1. Let K be an algebraic closure of K
and K* C K the separable closure of K. Let m denote positive integers and ¢ rational primes which are

invertible in K, i.e. (m,p) = (¢,p) = 1. We write E[m] for the group of m-division points of E and K (E[m])
3



for the m-division field of E. We denote by Fyen the algebraic closure of F, in K (E[m]). In this section, we
present the main properties of K(E[m]) needed in our proof of Theorem 1. For proofs of these properties
and further references, we direct the reader to [Ig], [BaLoVi] and [Si].

We recall that the group E[m] = E(K)[m] is contained in E(K*)[m] and is isomorphic to Z/mZ x Z/mZ.
Moreover, it is equipped with a natural continuous action of Gal(K*®/K), which gives rise to a continuous
Galois representation pg ., : Gal(K*/K) — Aut(E[m]|) ~ GL2(Z/mZ), or, implicitly, to an injective

representation

2) PE.m : Gal(K(E[m))/K) — Aut(E[m]) ~ GLy(Z/mZ).

The representations pg,,, form a compatible system and, put together, give rise to an absolute Galois

representation pg : Gal(K*/K) — GLQ(Z(Z,))’ where Z(p) = H Z, is the prime-to-p profinite completion

£#p
of Z. Futhermore, the composition of pg ., with the determinant map det : Aut(E[m]) — (Z/mZ)* gives

rise to a group homomorphism Gal(K®/K) — (Z/mZ)* associated to E and m.

We denote by (q) = (¢(modm)) C (Z/mZ)* the cyclic group generated by ¢(modm), and by (,, an m-th
root of unity in K*. Then (q) ~ Gal(F,((n)/F,), and |(g)| equals ord,,(¢) and is thus a divisor of ¢(m).

Finally, we denote by I'y, the (unique) subgroup of GLg(Z/mZ) defined via the short exact sequence
1 — SLo(Z/mZ) — Ty — (q) — 1, ie. Ty, = det™ ' ((g)) C GLy(Z/mZ). By passing to the inverse
limit over all integers m with (m,p) = 1, the groups I';, give rise to an exact sequence of profinite groups
1 — SLQ(Z(p)) — T — (¢) — 1, where I' is closed in GL, (Z(p)) and (g) is the subgroup of Z’(kp)
topologically generated by the ¢g-th power Frobenius.

In summary, if we let G, := Gal(K(E[m])/K), then, at level m, we obtain the following commutative

diagram, with exact rows and injective vertical arrows:

det

1 — H,, _ Gm — detG,, —— 1
[ |

1 — SLy(Z/mZ) —— T = =2, ) — 1
| | |

1 — SLy(Z/mZ) —— GLy(Z/mZ) —2 (Z/mZ)* — 1.
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We also obtain the following diagram of fields (and some of their Galois groups):

T K(Em) KF,(Efml)
S / | /
K KF e } KT,
\
\
‘ p—
Foen (G, Elm]) = = = = 7 = = = = Fq(jp, Elm])
KNF,(jg, Eim]) —— KFsem NFyem (jg, E[m])
- SLa(z/m2)
IE‘q(jE) Fqcm(jE) Fq(jE)
F, Fyem F,

In what follows we record some of the properties of the fields occurring in this diagram.

Proposition 3.
1. K(E[m]) contains the cyclotomic field K((m) = KFgem ; in particular,
(a) cm = [{g)] = ord;n(q);
(b) Cm = 1 Zf and OTLly Zf m|q — 1;
(c) ordm(q)| [K(E[m]) : K];
2. If v € Vi splits completely in K(E[m])/K, then m|qi®®? — 1.

Proof. The first assertion of part 1 can be found in [Ig, p.459]; parts (a), (b), (c) are then immediate
consequences. Part 2 is deduced from part 1, combined with the properties of K((,,) (as in [Ro, Prop.10.2,
p.151]). O

Theorem 4. (Iqusa)

1. K(E[m])/K is unramifed at each place v € Vi, .
2. K(E[m])/K is at most tamely ramified at all places away from Vi k.

Proof. The theorem is derived from [Ig, Thm.6, p.472]. |
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Remark 5. It is part 2 of the above theorem that requires that the characteristic of K be > 5. For
characteristic 2,3, other precise ramifications statements are proven in [Ig]. In order to illustrate the proof
of our main result as a clean application of the Chebotarev density theorem (Theorem 11 in what follows),

we are focusing solely on p > 5. The other cases are left to the interested reader.

Theorem 6. (Igusa)
1. For all but finitely many primes £,
KNFq(je, Elf]) = Fq(jr)-

More precisely, there exists an explicit constant ¢(K), depending at most on the genus of K, such

that, for every prime £ > ¢(K),
Gal(K(E{])/KF ge¢) ~ SLo(Z/VZ),
that is,
Gal(K(E[{))/K) ~T,.
2. The profinite group pp(Gal(K*®/K)) is open in T.

Proof. Part 1 is the refinement of [Ig, Thm.4, p.470] proved in [CoHa, Thm.1.1, p.3066]. Part 2 is the
reformulation of part 1 as in [BaLoVi, Thm.1.3, p.179]. |

Yet another reformulation of (part 2 of) Theorem 6 is that pg(Gal(K*/K)) has finite index in I'. Thus

there exists a positive integer m such that
3) pE(Gal(K*/K)) = 1~ (pp,m(Gal(K (E[m])/K))),

where the map 7 in
PE

Gal(K*/K) 2
w‘

Lm

is the natural projection. Inspired by [Jo|, we introduce:

Definition 7. Let K be a global function field of characteristic p > 5 and let E/K be a non-isotrivial elliptic
curve over K. We define the torsion conductor mpg of E to be the smallest positive integer m so that (3)

holds.
We now infer the following corollary to Theorem 6:

Corollary 8. Let my, mg be positive integers such that (mi1,p) = (ma,p) = (mg,mg) = 1 and my is

composed of primes dividing mg. Then

L. K(Elm])) N K(E[m2)) = KF e, ey



2. KFjemy NFyems (jp, E[ma]) = Fyems (JE); equivalently,
Gal(K (E[ma])/KFjem, ) ~ SLa(Z/m2oZ), that is, Gal(K(E[ms])/K) ~Tp,,.

2.2. Reductions of E/K. Let K be as in Section 1. Let E/K be an elliptic curve over K (not necessarily
non-isotrivial). We let v denote places in Vg, and keep all the other related notation introduced in the
previous sections.

We recall that E,[p] is always a cyclic group, while E, [¢] ~ Z/{Z x Z/¢Z for all rational primes ¢ # p. We
also recall the following standard facts about E,. If we write #E,(k,) = ¢4°®¥ + 1 — a, for some integer a,,
then we have the Hasse bound |a,| < 2¢°%" . Let m,, @, be defined by X2 —a, X +¢i8? = (X —mp) (X —7p).
We identify 7, with the ¢4°8 *-power Frobenius endomorphism on E, (k,) and consider the subring R := Z[r,]
of the endomorphism ring Endy, (E,). Following [DuTol, if R = Z, we define A, := 1 and b, := 0; otherwise,

R is an imaginary quadratic order in Q(7,), whose discriminant we denote by A, and conductor by b,; we

obtain the relation
a? — 4q9% = R2A,,.

As explained in [DuTo], the integers a,, b,, A, completely characterize the class of the Frobenius at v in

the division fields of E/K. More precisely:

Theorem 9. Let K be a global function field of characteristic p > 5. Let E/K be an elliptic curve over K.
Let m € N, (m,p) =1, and let v € Vg k. Let 6, := 0,1 according to whether A, = 0,1(mod4). Then the

reduction modulo m of the integral matrix

by o
av"l‘zv v bv

by (Ay—08y)  ay—bydy,
4 2

represents the GLa(Z/mZ)-conjugacy class of the Frobenius at v in K(E[m])/K. Moreover,

Ay + bydy — 2 qdesv +1 — q,
dy = (bv72) y €y = d—%

Proof. This follows from obvious modifications of the proof of [DuTo, Thm.2.1], see especially page 558.
O

As an immediate application of this theorem, we have:

Corollary 10. Let K be a global function field of characteristic p > 5. Let E/K be an elliptic curve over
K. Let m,d € N, (m,p) = (d,p) = 1, and let v € Vg k. Then:

1. Ey(ky) 2 Z/mZ x Z/mZ if and only if v splits completely in K(E[m])/K;

2. d, = d if and only if v splits completely in K(E[d])/K and does not split completely in K(E[d{])/K

for any rational prime £ 1 p.



2.3. The Chebotarev density theorem. The main result of our paper is essentially an application of the

Chebotarev density theorem over function fields, which we recall below.

Theorem 11. Let F/L be a finite, tamely ramified, Galois extension of global function fields, with constant
field ¥y, and unramified away from a set of places S. Let gr, denote the genus of L. Let Fyc be the algebraic
closure of F, in F. Let n € N\{0} and let Vi(n) denote the places of L, unramified in F and of degree n.
Let

mi(n, F/L) := #{v € V(n) : v splits completely in F/L}.

If c|n, then
1 g ISl
min, F/1) = etV <2 (o + 18D %+ 1) + 11,
where |S| := Zdegv. Otherwise, m (n, F/L) = 0.
vES
Proof. This is [MuSec, Thm.2, p.525]. O

As an immediate application, we have:

Proposition 12. Let K be a global function field of characteristic p > 5 and let F; C K be the algebraic
closure of F,, in K. Let E/K be a non-isotrivial elliptic curve over K. Let m,n € N\{0}, with (m,p) =1
and cpy|n. Then

m(n, K(E[m))/K) — ¢, 1 %

[K(E[m]) : K]

: |VE K| =
< 2((39K+|VE/K|)q 271 +|VE/kl

Proof. We apply Theorems 4 and 11 to the extension K(E[m])/K. O

3. PROOF OF THEOREMS 1 AND 2

As will be clear below, we may solely focus on Theorem 1.

1. Using part 2 of Corollary 10, together with the inclusion-exclusion principle, we obtain
(4) #{v e Vg/k(n) : d, —d}—Zp m)m(n, K(E[dm])/K),

where all integers m above (and throughout the proof) are positive, squarefree and satisfy (m,p) = 1.
Moreover, their range is very restricted. Indeed, for such m, we are counting places v € Vg, i (n) which split
completely in K (E[dm]). On one hand, by part 1 of Corollary 10, we deduce that d*m?|¢™ + 1 — a,; hence,
by the Hasse bound, dm < ¢% +1. On the other hand, by part 2 of Proposition 3, dm|g™ — 1. Thus we obtain
the justification of our hypothesis on d (made in the statement of Theorem 1), as well as a simplification of
equation (4):

(5) #{veVgk(n):dy=dy = Y p(m)mi(n, K(E[dm])/K).

n
dm<gq2 +1
dm|q™—1

8



A straightforward application of Proposition 12 (note that dm|¢™ — 1 implies that cg,,|n) immediately gives

p(m)cam q" qac .
#{v € Vigye(n) s dy =d} — [K(E([dfn]):m | S elK BT (0" - 1),
1<m<@
“(mp)=1
dm|q™—1

where ¢(K, E) is a positive constant depending on gx and [V k|. Since 7(¢" —1) <. ¢"¢ Ve > 0 and
since, by part 1(a) of Proposition 3 and Corollary 8,

M(m)cdm —-n
— = <K,Edq
Z,L [K(E[dm]) : K]
d$71>|273;*11

the proof of the first part of Theorem 1 is completed.
2. Let us determine the Dirichlet density of the places v for which d,, = d, namely

Z qfs deg v

vEVE K
lim —==2

s—1+ Z g degv

(provided the limit exists). By part 1 of the theorem, the numerator becomes:

dooarE = N g v e Vigyk(n) 1 dy = d}

vEVE /K n>1
dy=d

n(l—s)

() Cam g"(3+e=)
> E) w0 | 2

n>1 dm|q™—1 n>1

q

For the first sum above, using that dm|g¢™ — 1 and ¢4, = ordgm(q), we write n = cgmk for some k > 1; thus

qn(l s) U(m)cd _ qkorddm )-(1—s)
= Z [K(E[dm])m K] Z [K(E : Z kordgm(q)
n dm|gn—1 m2>1 k>1
_ ‘Z By 1Og( _ orddm<q>~<1fs>).
m>1
Since
q +£ s)
7; ~ log (1 - q%*‘a_s) log (1 — xq 2"‘5)

li =1 =
s—l>ql+ Z q*s degv s—lgl—i- log (1 — ql_s) x_’r{l_ log(l - J})

it remains to determine the limit

:U’(m) ordgm (q)-(1—s
- 2 ey R s ()

s—14+ qusdegv




We observe that

‘C - lim Z /J/(m) . log (1 — qordd'm(q)(l—s))
oot i [K(Eldm]) - K] log (1 —¢'~*)
= lim p(m) log (1 - asorddm(q))
1= 4= [K(Eldm]) : K] log(1 — )

Also, by Corollary 8,

S(E/K.d) =Y ) 3

_ Gm
= [K(Eldm)) : K] 2 [K(Bldm]) : K]
Therefore
. u(m) log (1 _ xOYddm('I))
m mz>:1 [K(E[dm]): K]~ log(1—2) — 0(E/K,d)
—  lim I p(m) o 1 — gordam (@)
= M g = a)] mz;l K(Edm) K] % 1-=2

IN

. 1 Cdm
lim =0.
B Tog 2] 2 (K@) K]
This implies that £ = §(E/K,d), hence the Dirichlet density of the places v with d, = d exists and equals
S(E/K,d).
3. Using the Hasse bound, it is enough to prove that

#{v € Veyue(n) i dy > F ()}

lim

n—oo

&)

3|

Let us fix n € N\{0} and observe that, as in the proof of Theorem 1, Corollary 10 implies that

#{v e Vrr(n):d, > f(n)} < > oo1= Y m(n K(EM)/K),

n EV. ) n
Fy<d<q? +1 VEVE/K M) F(n)<d<q? +1
dlq™—1 d|dqy dlq™—1

where all the integers d above satisfy (d,p) = 1. As in the proof of part 1, by Proposition 12, the above is

n

n($+e)
C q q
= > [K(E[;]);K]'nJ’OK’Ef( n )

n
f(n)<d<q?2 +1
dlgm—1

. . Cd -2 .
Finally, Corollary 8 implies that ————— Lk, g f(n)”", which proves part 3.
Zﬂ [K(E[d]) : K]
f(n)d<\j7§312 +1
4. One proceeds as in part 2 and obtains that the Dirichlet density of v € Vg, for which d, > f(degv) is
f(qdegv)
f(degv)

Finally, the proof of Theorem 2 is essentially the same as that of part 1 of Theorem 1 and, as such, is

omitted. O

0. Thus the Dirichlet density of v € Vg, for which d,e, > is 1.
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4. CONCLUDING REMARKS

Remark 13. Unlike the rational case, its function field analogue is simply an application of the effective
Chebotarev density theorem and requires no extra sieving. This feature is a consequence of the additional

restriction m|¢™ — 1 in our range of m, which does not occur when working with E defined over Q.

Remark 14. The error term in part 1 of Theorem 1 is as good as one might hope it to be. This prompts
the question whether the same is true for number fields: given an elliptic curve E/Q and d € N\{0}, is it

true that, as x — oo,

By <oidy=d) = 3 i+ Oup. (s47)2

m

Related to this question, we recall that the best error terms obtained so far for F/Q, under GRH, are
Our (x%(log :E)%) if E does not have complex multiplication (non-CM) and Og g (:E%(log ;v)%) if £ has
complex multiplication (CM). Further improvements can also be obtained under additional hypotheses; see

[CoMu, Thm. 1.1, Thm. 1.2] and [Co3, Thm. 2].

Remark 15. The proof of Theorem 1 does not require the full strength of the Riemann Hypothesis for
curves over finite fields, but rather any quasi-Riemann Hypothesis in this context (and, as explained in [Ro,

Ch.5], such a quasi-Riemann Hypothesis is much easier to prove).

Remark 16. In [ClKu], the authors prove the existence of the Dirichlet density 6(E/K, 1) without passing
through the analysis of the Dirichlet densities of {v € Vg x(n) : d, = 1}. Unfortunately, their paper is
abundant in typos which make the understanding of the proofs hardly possible. Moreover, when applying
their general result to the context of E/K, they state (and use) that ord,(q) “equals ¢ — 1 for almost all ¢”
[CIKu, p.171], which is false.

Remark 17. It is desirable to have a concise criterion for when the density 6(E/K,d) is positive. For
example, when d = 1, we see that, if there exists a prime ¢|q — 1 such that K(F[¢]) = K, then §(E/K,1) = 0.
Indeed,

p(m)

SEMKY) = X G W o R
(m,p)=1 (m,p)=1
£lm ttm
o p(m) w(m) _
- 2; (K (Eftm)): K] z; KEm) K]
(m,p)=1 (m,p)=1
tm m

since, for £ m, K(E[¢m]) = K(E[¢,m]) = K(E[{])K(E[m]), which is K(FE[m]) by our assumption.

Moreover, when K = F,(jg), the positivity of 6(E/Fy(jr),1,n) is easier to establish, thanks to Igusa’s
11



results and the multiplicativity of # SLo(Z/mZ). Indeed,

. _ p(m)cp, _ p(m)
SN = D E S Em) G - 2 FaGe)EmD Fym Gl
(m,p)=1 (m,p)=1
mlgh—1 mg™—1

B p(m) B 1
= 2 FeLaem - Ll (“wz—l))'
(m,p)=1 flqn—1

mlgn —1

Similar, but more involved, sufficient conditions may also be written for 6(E/K,d) = 0 and §(E/Fq(jg),d,n) =

0. We plan to address the complete positivity criterion for these densities in a future paper.

Remark 18. Let p > 5 and let us consider the curve E/F,(t) : y* + zy = 3 + 1-30— + 55—, for which

je(t) = t. In view of the above remark, Theorem 1 implies

. . 1 1.
#{to € Fp : By, (Fy) is cyclic} = p H (1 - M) +OEg. (p2+ ) .

lp—1

The following tables illustrate this formula with f(p) := #{toc € F, : Ey(F,) is cyclic } and g(p) :=

p[] (1_6316)'

Lp—1

D 11 13 17 19 23 29 31 37 41 43

£(p) 9| 10| U 14 19 2 23| 30| 34 338
g(p) || 9.09| 10.38 | 14.16 | 15.17| 19.15 | 24.09 | 24.55 | 29.5/ | 35.88 | 34.23

D 101 103 107| 109 113 127| 151 187 139 149

f(p) 84 84 89 86 94 101 108 114 111 124
g(p) || 83.46 | 82.24 | 89.16 | 87.04 | 93.88 | 101.1 | 108.2 | 114.1 | 110.9 | 124.1

P 1009 1013 1019 1021 1051 1033 1039 1049

£(p) 809 | 844 849 80| 851 s19| 824 874
g(p) || 803.40| 845.45 | 849.16 | 808.42 | 852.00 | 824.95 | 829.75 | 874.16

These numbers are quite surprising, since the approximations are much better than expected. At the moment,

we do not have a satisfactory explanation for this phenomenon.
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